
MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Week 8:

Homework 7 (due Sunday, February 28)

Midterm 2 (Wednesday, February 24): Lectures 8-16

Today: Limits of functions 
> Q&A: February 22

Next: Ross § 28

:



Limit of a function , E-5 definition

D 20.12 Let f be a furetions defined on SCIR
,
letae IR be a limit

of some séquence in S ,

let Le R
.

We soy that f tends to L as

x tends to a dongs if

HE > a 78>0 Axes ( Ix - alors ⇒ Ifk) - LILE ) (x )

Thm 20.6 Définitions 20 - I and 20.12 are équivalent .

Prof (⇒ ) Suppose that (*) does not hold :

3- Eso tn c- À Janes ( total a tn A 1f14 - LIZE )
⇒ 7 (an) s .

t.tn Xue S
,
limxn-a.tn Iflxn ) - LIEE

contradiction to DZO - I

(⇐ ) Let (Xn) be a séquence ,
Hn Xn c- 5

,
limxn -_ a. [show limflxn)=L]

Fix Eso .

Jake Sas in (x)
.

lim Xu -_ a ⇒ 7N An > N Ixn - celas

By (*) tn> N tflxn ) - L ILE ⇒ limflxn) =L
ma



Limit of a function , E-5 definition

D 20.13 Suppose that f is defined on (a- c. a#c)Va} for some co.

a) We soy that L is the two
- sided) limit off at a if

" '
"R

HE > o 78>0 ( oc ( x - alors ⇒ 1ft) - LICE )
,

limftx) =L
*→a

(b) We soy that L is the right
- hand limit off at a if

HE >0 78>0 ( x c- (auto) ⇒ 1ft) - LILE ) ,
limftx) =L
*cet

(c) We soy that L is the left - hand limit off at a if

f- Eso 75>0 ( x c- (a- 5. a) ⇒ Ifk ) - LILE)
,
limflx ) =L
as a-

Corolla
ry 20.7-20.8

Définitions 20.3 (a)
,
(b)

, (c) and 20.13 (a) , (b) , (c)

arc équivalent .

Prout Follow s from Thm 20-6 by Special izinq
(a) 5- la -c. ai-c) Ila} , (b) S -_ (a.arc) , (c) 5-- (a- c. a)



Limitofafunctionsupposef.sn IR ,
a. Le IR

Def

• limflx) =L ⇐ HE>o It > 0 ( x > t ⇒ Iflx) - LICE )
xp t -

Def

• limftx) -- ta ⇒ HM > 0 7- tso ( x> t ⇒ f- (x) > M )
x n' to

Def
• limflx) = - o ⇒ A M > 0 3- tso ( x > t ⇒ f- (x) c- M )

X # t -

Def

• limflx ) =L ⇐ HE > o 3- t > o ( xx - t ⇒ Ifk ) - LILE )
xp _ -

Def
• limflx) = ta ⇐ HM > o 3- t > o ( xc - t ⇒ f- (x ) > M )
xp - o

Det

• limflx) - + a ⇐ A M > 0 75>0 ( Ix-allô ⇒ f- (x) > M )
x → a

Def

• limftx ) = ta ⇒ tt M > 0 3- 8>0 ( x c- ( a-S'a) ⇒ f-(x ) > M )
xd a-



Two - sided limites and left - hand tight -hand limit

Thm 20.10

et f be a function defined on JYA) for some open internat J

contai ning a c- IR .
1-et Le Rutte ,

- - 4. Then

fifaHx ) =L ⇐ {ljmaflx) =L A limflx) =L
xpa-

Prof
.

(⇒ l Exercice

⇐ ) Suppose LER .

Fix Eso
.

7- of so ( Xt (a. ate ) ⇒ Iflx ) - LICE ) f- min 4F , Sz }

3- Oz > o ( xe ( a -Oz , a) ⇒ Iftx ) - LlcE)¥ ( oclx-also ⇒ Ifk ) - Llc)
Suppose G- to

-
Fix M > 0 .

7- Spo ( x c- Ca ,
cerf ) ⇒ f- (x ) > M ) )⇒

8-- min {si , si }

7 Osso ( x c- ( a-G.a) ⇒ flx ) s M) (oc totales ⇒ f- (x) > M )



Example

) lim sinh =p
xd o 7-x

g (g)
= {

S'¥ ' to is continuons cet 0
,
and defined on R

|
, y = 0

f- (x) = 7-x
,
limflx ) = 0 ¥ tim got (x) = go ) =p

Xd o
xd o

P

2) Let a > 1
, pet ,

f.IR → R
,
flx) =# . Then

tim = o

"→ t- ce
"

Fix Eso . By IE 6 Ling ¥ = 0 ⇒ tim = 0

⇒ 7N An > N (n+1 )
"

a-
LE

Then Vx > NH [MSN and 1¥ f-- II ± CÜÜ ce



Squeeze Lemmon

hm
-

20-14 1-et f. g. h :S → IR
,
Axes Hx) Eg (x) ⇐ hbc)

(et a
,
LE Rutte ,

- al
.

1f limflx) = limhlx) =L
,

then limglx ) =L
Saada sa xp a Santa

17¥
.

Jake any séquence ( Sn) in S st .
limsn -_ a

.

Then

An flsn ) Egon ) Ehlsn )
,
limflsn ) -_ limhlsn ) =L

"

limglxn ) =L
Bha

JE 12 tim ( tt # f- e .

Fix Eso . By IE from Lecture 7
,

xp -

limltt-LY-limllt-hftt-eandthuslimlttntf-timlttnf.it (tt tte
⇒ 3- Ni Un > N

, 11K¥)
"

- ELLE
, 3- Nzttn > Nz ( ( Itt )

""
-e) LE

f- x > max { Ni , Nrltl

-« ftp.#,Yee-lttEI-eelti- à)
""

«
Ba


