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Taylor 's formula

1-et f : Ii IR
,
f has dérivatives up to arder n at xoe I .

Taylor s formula

f- (x) = flx.tt f¥ Ïx - a.) + fË lx-x.tt - t lx-x.ie Rnlxo ; x )
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Cauchy 's farm of the remainder term Rnlxo ; x) = n!- (
x- 5)
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Example
IE 19 1-et flx) =

,

a- IR
,
x ) - t

-

Then ( Lecture 22 )

H ne TN f
"'

(x) =

Taylor 's formula at x. = o :

(ttx)E

Cauchy 's farm of the remainder ( 3 between x and o)

Rnloix) =

For lxkl / ( = , so

I Rnloix) ) -71+1×15
- ' d'd- IL ( tn) txt" = :c. ;

a- neNJ ⇒ Newton binomial Thm ; if a- - t ⇒ géométrie series



Taylor Series . Analytic function
Def 3.1.18

.

If the function flx ) has dérivatives of all orders ne IN

at x.
,
we call the series

f(a.) t #t'(a) (x -x.tt#fYxo)lx-xoItn!-f'Yx.)lx-xojt---
the Taylor series off at point x. .

Rends 1) If f has dérivatives of all orders at x.
, this

does not imply that the Taylor series off at Xo converges

2) If the Taylor series of fat xo converges ,
than this

does not imply that Êf (x-a.)" =Hx ) (x )

Fonctions that satisfy A) are called analytic
[ 0 ,

X =

Example of a non - analyte function flx) =p e.¥
,
*⇒

f-
"'

(a) = o tt n--0,42 ,
-- (exorcise)



Companion of the Asymptote Behavior of fonctions
Def 31.19 .

_

et ae R and se { a- ,
ta } .

For f
, g :(c. s) → R ,

cas
,
we soy that f is infinitésimal compare d with g

as x tends ta s
,

and write

if there ex ist c
'

? C and h :(c
'

, 5) → IR such that

on ( c'es ) and

a.
_

et ae R and se { at ,

- a } .

For f
, g :(si c) →Ric > s

we soy that f is infinitésimal compare d with g as × tends

ta s
,

and write f- 0cg ) as xnis ,
if there existe c

'

Ec

and h : (sic
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f- (x) = gtx) - hlx) on ( sic
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) and Lips hbc) - o
• f- 01g ) as xia if f⇒ (g) as xp at and f-- o (g) as × → a-



Companion of the Asymptote Behavior of fonctions
Def 3119 .

_

et ae R and se { a- ,
ta } .

For f
, g :(c. s) → R ,

cas
,
we write

if there ex ist c
'

? C and B :(c
'

, 5) → IR such that

on ( c'es ) and

a.
_

et ae R and se { at ,

- a } .

For f
, g :(si c) →Ric > s

we write f- 01g) as xnis ,
if there existe

'

EC
,
B :(s' c)→R

St - f- (x) = glx) - Bpc) on ( sic
'

) and B is bounded on ( c'es)

• f-①g) as xia if f--01g ) as xp at and f (g) as x → a-

• We soy that f and g are of the same order as xsis

and write f- g as x → s if f- 01g) and g = 0ff ) asx
»

⇐ 7 C
, .cz c- (Opta ) s.t.ci/glxHttflx)lECzlglx)I on the correspond ing

internat



Companion of the Asymptote Behavior of fonctions
Def 3119 .

_

et de Rand se { a- ,
ta } .

For f
, g :(c. s) → R ,

cas
,
we soy that f is équivalent to g as × tends ta s

,

and write as xnis
,
if there existe c

'

? C

and p :(c
'

, 5) → IR such that

on ( c'es ) and

a.
_

et ae R and se { at ,

- a } .

For f
, g :(si c) →Ric > s

we soy that f is équivalent to g as x tends to s
,
and

write f- g as xnis
,
if there existc.ec and

j'- (sic
'

) → IR such that

f- (x) = gtx) - jlx) on ( sic
'

) and {iiççjlx ) - t

• frg as xia if fng as xp at and f-g as * → a-



Exemples

) x' > x. x ⇒ as xnio

2) X=É - X
?
on (0,1-0) ⇒ as auto

3) ¥ - É ' # on 10 ,
to ) ⇒ as xixe

4) ¥ = x. ¥ on ( O , 1) ⇒ as * → ot

5) For a > 1
, {içç. = 0

,
x
"
= a

"

-7¥ on ( o .to ) ⇒ as vite

G) Faso ,
a # l

,
ta > 0 tim 109A" asautant#

= 0 ⇒

7) x
-

- X - t ⇒ as xnio

s) ( # tsinx) - x = as x → a

9) ( Ztsinx) - xtx as xnio
,
but (ttsinx)" is not of the same

corderas × as xp

b) x4x=xYttÈ) ⇒



Taylor 's formuler
Lemma 31.20

_

et x. c- IR ,
I be a closed internal with end point xo,

le t q be a function defined on I. Y c- D'
"

( E )
,
and

Ylx. ) = l' lxo ) = - -- = y
'"
(a) = 0 . Then

as xnixo a long I.

Prof
.
(By induction) .

If n=I
,
then

Y (x) =

Suppose (* * ) holds for n -- K- t . Consider y
'

as xnixo a long I

By Lagrange's thm ,

for x c- Î chose enoughtoxo 7 § between x. and x
=

as 1 a- Xxx.

⇒ 14 (x) I ⇒
, proues induction steppe



Taylor 's formuler ( local ) . Peanuts farm of the remainder

Thm 31.21 et x. c- IR ,
I be a closed internal with end point xo,

Ietf be a function defined on I. fe D'" ( E )
.

Then

fix) = flxo) + (x- x. ) + ex -a)7- - - t ftp.?-Yx-x.)n
=

,
X Et

Prof
. Apply Lemma 31.20 with 4K) =

Remark 1f fe D'
""

( I) and f
'""

is bounded near x. , then

fix) = flxo) + (x- x. ) + ex -a)7- - - t ftp.?-Yx-x.)n
+ 0 (( x- x.J

"

) as x → xo
,
x c- I



Exemples
1) Asymptote formulas as x→ o

e
"
= It ¥ + ¥ t - - - t Ë + 01 xnt

'

)

sinx = x - II + Ë - ¥? + - -
- t + 0 (x

"" )

cosx = t - ¥ + ¥ - ¥ t - -
. + + 0 ( x

""

)

log ( tt x) = x - Et ¥ - ¥ t - - - t + 0 (x
" '

)

( tt x)
"

= It f- x +%si t - -
- + ×HD.-Ht x

"

+ 0 ( anti )

2) Ap proximale sin by a polynomialpns.t.IE#lsinx-PnlxIlEhiTakePn--Pnloix)Taylorspolynomial at o . By Lagrange's formula

/ Ran + z (O ;x) I =p
Sink + Izlzntz))
À µ xp

""


