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Subsequential limits
Def II. l Let (Sin) be a sequence

of real members and /et

/ Eh , < nz < - _
. < nid - - be an increasing sequence of natural number .

Then ( Snu)Ê ,

= ( sn , isnz ,
Sn
} ,
- . ) is called a subsequence of Gn)Î , ,

( I , E i § , f- . f- ' É ' ¥1 È ' b- i % , ÷ , ¥ , ¥ , ¥ ,
_ _ . )
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i É

, Ç , É i ¥ , Î ' ¥ ,
_
_
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Def 11.6 1-et (Sin ) be a sequence in IR . A subsequential limit

is any
real number or symbol + a or - o that is the limit

of some sub sequence of (Sin)

Example an I )
"

, f1,1 ,
- I , I , . . . ) Iim Ask - t = - I , limazk = 1

k →a ←→a

Example • ton = Î
"'
"

, ( { ii. § , 2
"

.
. . . ) limbani = tim ¥ ,

=
o

k Je k→ •

&

lion bzk = limée = + a
Lt - k→ •



Subsequential limit and liminf / limsup
Thm 11.7

_
et (Sin ) be a sequence . Then there exist

( i ) a monotonie subsequence of (Sin ) that converge s to Iimsupsn

(ii ) a monotonie subsequence of (Sin ) that converge s to Iiminfsn

7¥
.

1f (Sin ) is not banded above
,
then limsupsn = + * . And by

Thin 11.2 ( ii ) there exist a subsequence of Gn ) that diverge, to to .

Suppose Csn) is bounded aboie
, Iimsupsn = te IR

n→a

By Thm II.2 Ci ) there exists a monotonie subsequence of (soi) that

concierges to t iff HE> o the set { n : Isn- t / < E } is Infinite . Fix E> 0
.

limsupsn -
- t ⇒ 7 N Y k> N sup {Sn : n > k} < tte ⇒ tn > Nti (smatte)

n →a

suppose that {n : t
- { < smatte } is finite . Then 7N ,

>

NS.t.V-n
> N , ( sinc t-E) ⇒ sup { sn : n > N , } ± t -{ ⇒ limsupsn a- t -En→ a

Bla contradiction



Subsequential limit and convergence
Thm 11.8

.
1-et (Sin ) be a sequence . Dénote by S the set of

all subsequential limit of ( oon) . Then →
(i ) S is nonempty ( follows Thmll -7 ) ( 0,11011 ,

_ _ . )

(Ii ) sup S = limsupsn.in/S=iiminfsns-4oiI3V-nls-snlIminHsl.ls-u}> 0

(iii ) limsn exists iff S has conty one element ,
f- { limsn }

Proot
.

(iii) follows from ( ii ) and Thm 10.7 ( limsn-t-slimsupsu-limiufsn.tt)

(ii ) Suppose tes ⇒ 3- subsequence (sine) s. -1 . limsne =tKid

Then by Thin 10.7 liminfsnic - liursupsnk - t
KI ✗ →0

Note that H K (mek ) ,
therefore HN { Sn : n > N } > { Sne : K >N}

and H N inf { Sn : n> N } « inf { Sne : le>N} « sup {sni-ksNK-suptsui.cn>N }

Nyx f 9.12 tu te g.IL te
limiufsn E liminfsnu-t-limsups.nu E limsupsn
§ j'Thm"-7µg



-

Example
For each sequence below /et S dénote the set of subsequential limit .

• an -1-1 )?
' 5=1-41 }

Iim au- , = -1 ,
"

/ imam =/ ⇒ { -1,1 } CS
KTM k →✗

1f te { - il }
,

then V-nc-N-lsn-tlzminsrlt-il.lt - C-1) | } > ☐ = tes

2 Iimsupan =L liminfan = - | ⇒ SC {til )

• bn = znti
)
"

i 5- { 0 ,
te }

timbale = + a =) {0.1-a} csIim bzr-1=0
,veux

n>2- Max {Ni , Ne}
1f ftp.t-to

,
then 3- N' k > N ' " '" < Î /⇒ pbn.tl> min {ÇA }>$7N, Hk> NI baie > ttl

2 limsupbn -- toi , limiufbu :O Se {Oita }



The set of subSequential limit is closed

hm II. 9 1-et (Sin ) be a sequence . Dénote by S the set of

all subsequential limit of ( oon) . Then
1-et (tn) be a sequence in SMIR

,
i. e. Un / tue SMIR) .

Xn =# ,
Hh Int (QI )

.

/ Immo

1f (tn) has a limit , then limtn c- S
.

⇒
0¢10" )

n → A

Proof
. Suppose limtn -- t c- IR .

Then
his

Thm II. 2

tes ⇒ 3- subsequence of (sa ) that converge
tot ⇐ vaso { ne # : Isn-t / <E}

infinite

Fix Eso . Then 7 no s.t. t - { < tu.at -1C
(→Æ*H

Since ttc - tn
.
> 0

,
tu:(t -E) > o

t -E t te

E. = min { tro - tn. , tu.- ( t
- E)}> o and ( tn . -Sitno +5)clt-s.tt E)

Thm 11.2

tn.ES (subsequential limit ) ⇒ { n : Isn - tu. /colis infinite⇒ {n' lsn-the }
is infinite ra



limsup 's and liminfis

Thm 12.1 Let (Sin ) and (tn ) be two sequences . Then

( ( Sin ) converge A Iim sms>a) ⇒ limsuplsn.tn ) -- s - limsuptn
h→ a

Convention : For any se IR , s > o
,
s - (toi) - t -

,
s - C-a) = - a -

PRI .

l : / imsupsntn) > sit ( only for limsuptn -_ te /R )

Thm
. 11.7 ⇒ 7 (tn") such that limtne-t.Thm9.ieKris /⇒ limfn.tn. ) -_ st

Thm 11.3 ⇒ Iim Snu = S
.kikta

Thur 11.8

⇒ set is a subsequential limitforcsutnt-limsuplsntujzs.la
: limsupsntn) Est Conty for su> 0 Vu ) . Thm 9.5 ⇒ Iim ¥ = § >O

'

HIP

Then t-limsuptn-limsupsi-nlsu.tn) 5- stlimsup ( sn.tn ) ⇒
' 2 stzlimsuplsn.tn )
⇒ liuusup ( sata) =/ imsupltn) - s ☐•



RemarK

1f (soi) and (tn ) are two sequences ,
and Lim Sin - o

,
then

nyo

there is notting we can soy in general about limsuplsntn ) .

• Sn = tn ,
tn = n ⇒ limsup En = |

• Sn = ¥
,
tu = h ⇒ limsupnt, - n = O

e Sn = f- ,
tu = n' ⇒ limsup f. n' = to

Also it is important that one sequence converge .

• Sn = (O ,
I
,
O

,
I
,
O

, I
,
- - ) limsupsn = 1

but V-nsn.tn⇒
tu = ( ti O , I , O , I , O ,

. .
. )limsuptn-IZn-l.sn

-
- fi)

"

,
tu -- ci)

""

limsupsu-limsuptn-libutfnsn.tn -( i ) = - |


