MATH 142A: Introduction to Analysis

Today: Continuous functions
> Q&A: February 7
Next: Ross § 18

Week 6:
Homework 5 (due Sunday, February 13)

Homework 3 regrades Tuesday, February 8



Functions

Da'?.(!?unc‘h'oh) let X and Y be dwo sets. We Say thot

There s a function defined en X with values m Y, i Via Some
rule ¥ we associate to each element xeX on (one) clement
ge Y. We write :Xa, 2y (or y=F(2) .

Y is colled the domain of definition of the Function, dom (f)
j='F(1\ is called the ‘\W\O\SQ ot x. £ lon)— [on) |, xrrx?
Remarcks 1) We consider real-valued functions (Ye R) of

one real variable (X cR),

2) 1f dom () is not sPe,cl"Ffe_A\Tth it ¢ whderstood that e

toke the natural domain: the larjes’c substt of R which the
Lonction (& well defined (-{-‘M:E means dom (f) = [0, +0)

9(1)= T:_r"'z— means C‘ow\(ﬁ).: \R\{o‘lg




Con‘tinwi‘t\j of o -Fuunc'tiow at a Poln‘t

lthL'L't.NQ.(\.) . FU,V\Q‘UOV\ -F IS COV\‘t\'V\uouS QJ( PoiV\‘t Xot c‘om(‘F) I‘F
_?(-1\ O'FP‘-DQC‘\QS —F(Iq 0.5 X &FFFOQCL\QS Lo .
Def (3.1 (Con‘ﬁhu;""j). Let f be a real-volued funclion  domé)cR.

Function § is continuous at x.e dom(f) 1§ for any Sequence

(In) N dom () Covwe.rs(na to Xo, we hove

Def 13.6 (Con‘tihu'\tj)\_et £ be a real-volued funclion.
thCT(OH -‘; (S C,OV\'UY\QOQS Q+ Xo€ dOW\('(") \l{

Remarle Def .1 s colled e Sequavﬁr(q\ definition of Conﬁnuffwj,
Def [.¢ 15 colled the £-8 definition of con'tinui’rg‘




Equi\!o.\ahce of Se_que_V\J((q\ and £-8  definitions

Thh‘/\ 7.2 Definttions [@.] and 3.6 are

Proof (|7.\=>l7.6). SU.PFose that (%) fauls

¥evo 3850 (xedom() A hexel<§ = h%o—ﬂm\q) (%)
This means  that

(&). Let (1) be such that [im Xn=%.. Fix £>o0. Bj (%)

\\W\ Xn = Xe = _n\{re‘got‘e_

N9 w (\

V n7 N (xgdom($) A [Ha-xe)D) >



Continuity on a Set. Examples
Def .1 Let £ be a function, and let  Sc dom ).

£ i continuous on S f Hfor all %eeS  + is continuous at x..

Example N f()= ;il s continuous on RA\{-11}
Proof [ et xee RN{-11Y and et (xw) be such that Yw g (01}
and  im dm=%Xe. Then by Thm 92,9.3,9.6

ﬁm ‘F(’xv\) =

Bj Det [ ‘F 1S Contivuuows Qt Ao -fq(‘ OJ\j )L,eR\{_\‘\'lJ
2) a(m)z s(n(:}g)-ﬁzor x¥0 oand 3(o)=a. Then -Qarcw\‘j o<l

9 s hot continuous at 0.
P_\'ﬁi TOJ{Q (1h) W\'H\ Xn = ‘ [\ /\

Then and
._—Q



Contmuu{q and  anthmetic opcroft\ons
Thm 33 Let £ be a real-volued {unclion with dom(*)cR.
1€ £ is continuouws at  Xo¢ dom(£) | then

Proof. Let (3n) be o sequence in dom(£) such that  fimzn- ..
Then bx) Thw 9.2
Therefoce  bf s continuous at oo .
By thee -’(ricmg\e Lhequod\'tj
Fix €>0. Then  limflw) =f(1) =
Then Y ws N
This means that li_)valwc(n)\ = x5 continuows at .



Contmmh{ and arithmetic operations

Thm 134 Le’( f and 9 be real-volued Jfunctions that are continuous
ot AeR. Then

(i) ‘F'\'j is continuous at x, (N 45 's continuwoud at XA,
() ¥ () #0, then o s continuows at x.,

9
Proof : Note that § xe AOW\(-H(\dOij) Then (—f+°j)('x)=1c(1)1-3('1) and

_F(] (%) =-Hx\-cJ{1) are. well- de@ihed. Moreover i xedom ()n AOM(‘})

and 3(10#0. then f(’i\- == s well-defined .

9 o )
Let (%n) be a Sequence n dom(®)ndom(9) st. lim X =%e.
Thea Lim ('(“(1“\1'0‘(‘10\'—' ) and
|\~m ( ’Iv\\- 3(‘10\ = . \-c moreovey ¥n tj(ln)#’D

-H X u\
then  lim 3@@



Cov\{'mu(%\j of o composition of functions

ek £and g be real-velued functions. [f xe dom(£) and Fdedomla),
then we  define
Thm 35 1§ £ is contimuouws at x¢ and 9 s continuows at F(),
then

ELD_Of It s 3\\te_vx that Yo edom(*) ond -C('xu)ee\ow\@)_

Let (x) be a Sequence such that and
lim Xn= %o. Denote Snce F iy contivmous
at %, lim Yn = Since g IS Continuous

Q‘t ‘{'\['lo\mjo‘ Wie howe L\W\ Bo{-('x\,qz
Therefore, So‘F 1§ continumous at  x. .



Examples

) stn(x) is continuous on R

Post © Enough fo shew that  sin(x) s continuous ot ©

For any xee R and  (3n) with  [im tw=%o
| Stn (1) - sth (xe) | =

® Arco (A) ¢ Area (A)

=
® I lmyn=0  thew Then
¥ n>N

5 ¥ xe o] /




Examples

2\ £ = \{—’;- s continuous on [0,+00)
® E is Ccontlauous at o
Let |im xn =0, Bix €>0. Then

® =)
Llet xoe(o0,t0) ‘ (jc,,,\\ st ¥n (Aue [0.+°°ﬂ ond |im An =2
Then \\W\ T =Xy>0 T:"—;m

Fix €50 Then Thew

Y nsmox Ny 1) -F(x)) = | {x. - \ER | =

3) Cos () i3 comtinuous on R . Cosi)= by Thm A4

is continuouws on R . Moreover \\d relR
= \D‘j exowxpk 2) uvxel \Y\r\w\ -5



