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Week 6:

Homework 5 (due Sunday, February 13)

Today: Uniform continuity  
> Q&A: February 11

Next: Ross § 19

@



Inverse function

Def 18.9 Function f : ✗→ Y is Callet one - to - one (or bijection )
X, =/ ✗ 2 ⇒ f-(Xi ) # f112 )

ifflxl-yandv-yc-YJ-l.xc-XS.t.tk )=y
y *- ; !

Example Sin :[Ê , IL ] → f1,1] is one -to- one ! !
:

gin :[ o, ,] → [ o , ,] is not one - to - one È
Iz

Sin /O ) - Sink ) --0

Def 18.10 1-et f :X → Y be a bijection ,
✗ = f- (X)

.

Then the function f- ! Y→ X given by ( f-
'

(y ) -- ✗⇐ f- (x) -_y )
is Callet the inverse of f. In particular f-

'

(fix)) -- x , ff541)=y

Example • Sin :[¥ . Ê ] → [-lit] ,
Siri

'
= arcsin :[-1,13 → [ - E ,

I
, ]

• f :[ 0 , +a) → (0,1-0) ,
f- (a) = Km

, f-
"

:[o.to) → [o.to )
,
f-
'

(a) = x±=Fx

• 1f f is strict/ y increasing (decreasing ) on ✗ ,then f : ✗→ FIX ) is

a bijection



f- (b) - - - - - - - - - -
- - -

•

"

f- (a) -
- - - - - - •

p p p

a b



Uniforme continuity
Def

. (Continuity on a set ) Function f is continuous on SCIR

if V-xc-SV-ESOJ-QOV-yc-ss.t.la - y / < S ( Hlx) - fly ) / < E)

Def
. / Uniforme Continuity ) Function f is uniformly continuons

on SCIR if V-E> o 35>0 V-x.ytss.t.la-y / <S ( HH) - f 'y ) / <E)
Example 1-et flx) =¥ .

flx) =#
1) H [ai b) C (Oita) f is unif . cont . on [a. b] .

t'Y'

flic')

Fix E> o . Then for xiy c- [aib]

/ ¥ - f- f-
"

±¥
'

.

Take F- a?E

pneu µ, ,
,g=a, , ⇒ µ ,, .gg , ,,,÷ ,ç÷

2) f is not unif . cont . on (Oil ] .

Fix E- I

Then Yn Int - ¥, / =¥) ,
but / ffn ) - f-(¥) / = Inti - n / = ,



Cantor - Heine Theorem

Remark 1ff is uniformly continuons on SCIR ,
then f is

continuous on 5
.

Thm 19.2 1f f is continuous on a closed interval [a. b] .

then

f is uniforme /y continuons on [ai b]
.

Proot
. Suppose that f is cont . but not unif .

cont . on [a. b) .

⇒ JE > 0 f8> 0 7 xiy c- [a. b] S.t. ( IX - y 1<8 A Hlx) - fly) / ZE )
Take F- tn : Yn 7 xn

, ya c- faits] S.t. ( Ixn - yn / < j' ^ / flan )
- flyn) / ZE)

By the Bolzano - Weierstrass Thm 11.5 3- ( Knu )
, Cynic) ,

xo
, yo c- [aib]

tim ✗ne = xo ,
lim gne = yo ; since Ku - ya /

< ¥ , limlxnx-yn.ae ) - O

and thus limxuk-limyneixo-yo.BY Continuity off at x.

limflxn.ie) = tim flynn) -_Hxo ) , so limfflxuu ) - Hyun ) )-0 , contradiction
DU



Uniforme continuity
Thm 19.4 1ff is uniformly continuous on a set S

,
and

(sir) is a Cauchy sequence in S ,
then (flsn)) is a Cauchy sequence

Proot
.

Fix E > o .

i f is unif . cont. on s

⇒ 7 Soo s.t.V-x.ge 5 ( / ✗ - y / <8 ⇒ Ifla ) - fly) /<E)
2 ( Sin ) is a Cauchy sequence

⇒ 3- NV-m.ir > N ( Isn - SMKS )
¥ min > N lflsn) - Hsn ) / < E ⇒ (Hsn )) is a Cauchy

sequence
Example Ba

Consider fk) = ¥ and tn = ¥
.

( tn) is a Cauchy sequence ,

fin tnt (0,1]
,
but fltn) = n is not a Couch] sequence .

⇒ f is not unif . cont . on (Oil] .



E- ✗amples

3) flx ) = x2 is continuous on IR
,
but is not unit

.

continuons on IR
.

Jake a sequence xn = Fn .
Then

( i ) Inn - xn = F+1 - t =→ < ¥

y o> 0 7 ns.t.lxnti - ✗ " 1<5 /⇒ f is not unifiant .

(ii ) / flxnti ) - flxn) / = Inti - n / =L on IR

4) f- (a) = Costa ) is continuous and bounded on IR
,
but not

unit
. continuons on IR

Take xn -_ VIN
.

Then

( i ) y 5>0 3- ns.t.lxnt ' - ✗n'< S / ⇒ f is not unif . cont -

(ii ) / flxnt , ) - f / ✗u) / = 2
on R



Continuity and the inverse function
Thm 18.4 1-et f be a continuous strictLy increasing function

on some Interval I
.
Then F- f ( I) is an Interval and

f-! g- → I is continuous and strict 'y increasing .

Prof , f-
'

is strict/y increasing : Jake y , , y> c- J
, y , < ya

Denote x ,
= f-

"

Iyi) ,
✗a = Flip ) . Then flx , ) -- y , ,

flxi ) = ya

If x
,
> xz

,
then flx , ) 2f44 ,

contradiction ⇒ x, < xz

2 J is an Interval : By Cor
.
18.3 J is either an Interval or

a single point . Since fis strict /y increasing ,
J is an Interval

3 1 a - Thm 18.5 f
"

is continuous on j
.



One - to - one continuous functions

Thm 18.6 1-et f be a one - to - one continuous function on an

Interval I . Then f is strict /y increasing or

strictlydecreasingonI.pro/-
.

I If a < bac then either f (a) < f-(b)cfk ) or fk) cf /b) < f-(a )

OtherWise
,
flb) > Max { flalifkl } or f- (b) <min { f-Calife ) }

1f f- (b) > max { f-(a) ifk) }
,

chose y c- ( Max {flaiifk ) } ,
f- (b) }

Then by Thm 18.2 72, c- (aib ) s.t.fm/--y,J-xzc-(bic)s.t.fHz)=y

⇒ contradiction Simi tarly when f- (b) < min { Ha ) , fk) } .

2 Jake any aocbo
.
1f flao) < Hbo) ,

then f is increasing on I.

①
✗ < aoty < bol Z ⇒ ffao) < f- (g) <f /b.) |

f1") < Hao) < fly )
⇒ f- (y ) < Hbo) < f17 )

⇒ V-x.c.az/fHilcflxi) )
3 Similar ly ,

if Hao) > f- ( bo) ,
then f is decreasing . ton


