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Week 7:

Homework 6 (due Sunday, February 20)

Today: Uniform continuity  
> Q&A: February 14

Next: Ross § 20

@



Extension of a function

" =
f. 11240} → toi] f : Rilo} → R

fbi) -_ sin /¥)

""" {
sina.in."ËËËÀ.ïÏµf- : IR → fait]

Î : IR → R
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,
f-a) ={

Winkle""

0 ,
✗ = 0

Def
.
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1-et f and I be two functions st
.

We soy that f- is an extention off if



Continuons extention

Thm 19.5 A real - value d function f on (a. b) is uniforme /
y

continuous on (a. b) if and conty if

Proof (⇐ ) Î is cont . on [ a. b ]
"

f- is unif . cont on [a. b)

⇒ I is unit . cont . on (a. b) ⇒ f is unif. cont . on Ca , b) .

(⇒ ) Suppose f is unit . cont . on Caib )
.

I Let Isn ) be a sequence ,
Sne (aib)

,
limsn = a.

( Sri) converge

2 1-et Isn ) and / tn) be two sequences , V-nsn.tn c- (aib )
,
limsn =/intra

Toke Then une (aib)
,
liman -- ce

3 f- is continuous at a / follows from Lemma 19.8 ) .



Continuons extension

Lemma 19.8 ( Ex .

17.15 ) 1-et f be a real - valued function

whose domain is a subset of IR .
Then f is continuous at xoedomlf )

Iff for any sequence (xn ) in dom /f) Vx . } converging to xo ,
we

have limflxn ) = flxo )

Prof ( ⇒ ) Trivial

(⇐ ) 1-et (Sin) be a sequence in dom (f)
,
limsn = x. .

( i ) { n : Sn # x. } is finite

( ii ) { n : Sn # x. } is Infinite . 1-et (Snu) be a subsequence of ( soi )

obtained by .
Then ( Snu) is

Fix E) 0
.

Then



E-✗amples
I. flx ) = Sin /¥ ) is continuous on [-nihilo}

,
but not uniformly

continuous ou (cannot be continuous /y extended to [-nin])

2. f /a) = signal is continuous on [- n , n ] ) {0 }

Îlx) = { is continuous on [- nn] ⇒ fisunif - cont .

On [- hin ]V0}

tante)

PRI : Area (A) ± Area (A) « Aren (A )
sinon - - - -

- - - -

y ×
☐ < la / < Ê :

We want to show that tis cont - at x --0 .

Fix E > 0 . 1-et Isn) be a sequence in [- hin] ) { 04
,

limsn --0



(Oil)Definition of some functions

Sin
,
Cos

,
Tan

,
cotan sinus - - - - - - - - - -

y,
Sin

, Cos are continuous on IR i
( 0,0) Costa) (ho)

n

X
,
KEIR

,
ne N

x
"
is continuous on IR for any n c- EN

x
"
is a bijection from [ 0 ,

+ a) tu [ 0 , + a)
,

we dénote the inverse by
"

VI = x
"

,
x > o

,
ne

Y a > 0V-m.net#(amH=(a'-)m=:am-nLetb
> 0

, (qu) set . que Qn (Oita ) , qn
< qui , limqn -

-
b

For a> I (a") is increasing and bounded above ⇒ lima" = : ab > o
h → •

Define (E)
t'

= ¥ = a-
b

,
à = /

Satisfis usual properties : ab 'a"=ab"
"

, a.ba?--(a.aa)b
.

.
. .



Definition of some functions

For any a> I the function f : IR → ( o , o )
,
f (a) = a

"

is strict /y increasing ,
we dénote the inverse by logax

Simi tarly for at 10,1 ) ,
ce
" is strictly decreasing .

Usual properties hold : logaxi + logan = logalxixa ) ,
- - -

Special notation : loger = logx = lnx

Example of a proof : ab ' ab! ab . + bz

I If bi = Mi
,
bz = ma

,

M
,
,
mzt AV ,

then am ' .am?=am' + m '

z If b = #
,
a

. .az c- (Oita) ,
then a!

.az#--(a,az)tn3-fb,=mn'-,bz=mn-,thenabiabi=abitbz4Letlsn
)

, (tn) ,
limsn-bilimtn.bz

,
(sa) ,

(tn) increasing in ☒

Un asnatn = as" t"
, ( gutta ) increasing ⇒ lima

"
at: lima

"""


