
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 8:

Homework 7 (due Sunday, February 27)

Today: Basic properties of the derivative 
> Q&A: February 25

Next: Ross § 29

@



Different ,
-

ability and dérivative

DI 1-et f : I → R
,

I open interval .

1-et a c- I .

We sag that f is différentiable
at at I

,
or that f has

a dérivative at a
,
if the limit

limfkf.at/a)-=limfla+hpf-fla)-=:f' (a )
✗→a hio

exists and is finite
.

1f f is different iabe Hat I
, we

get a function Isam -l'(a) ( usually use leHer xrif
'

(a) )

E- ✗amples 1) 1-et f- (a) = x
.

Then Hat /R t'(a) =L (so f-
'

(a) = i )

Hae IR Iim Œta) = Iim = Iim 1=1
✗ → a ✗ - ce ✗ →a X - a ✗→ o

2) 1-et f- (a) = Sin x . Then t' (a) = cosx

V-xeklimsinlxtnhl-sinlxi-l-limwosinlh-nfcoskth-I-EY.cosix,trio



Important exemples ( limites of functions )
LE 13 Iim 1091×1+01=1

✗→ o

Prat 1 logç is Welt - defined on f1 ,
+ a) \ { o }

[ blog a = logab ]
2 Write log (Hx)
a-

= log ( Hx)
#

3 Iim (Hx )
±
= e : 1-et (xn ) be a sequence in (Oil )

✗→ ☐+

limxn --0
.
Define yn = En Then timyu = + -

yn
IE l2

and limlltxn )
#
= Iim ( It ¥ ) = e ⇒ Iim (Hx)Ée

hier n→ A ✗ → Ot

4 Iim ( It x )± = e : As in ③
✗70

-

5 By Thm 20.10 Iim ( Hx )
#
= e

✗ → 0

6 log is continuous on (0,1-0) ⇒ Iim log (Hx)
#
= log Iim ( Ita )±= loge-1

✗→ 0 ✗→ °



Limites of functions
.

E- ✗amples

Warm up Lost time : Iim ( It ¥ )
"

-

- e

✗ → a

Iim ( It # F- e
✗→ - a

- n

i Iim ( int ) = Iim (%)
_ "

=

n → a n → •

a Iim ( i - tn )"Ï Iim ( 1-¥ )
- "

=

h → a ni-

s Y ✗ < 0 ( It
"""

< ( + E)
"

< (1+1%+7)
""

<,

Fix E > 0
.
7N tn > N / ( I - I )

- ""te / < E
,
/ ( 1- ¥5

"

-et <E

For x <

< (HI )
"

- es



Important exemples ( limites of functions )
IE 14

lime =L
✗→0

Prof Denote flx) : -_ e
"

- I
,
so that ✗ = log ( Hflx ))

Then e =

à
= goflx ) ,

x # ° where

gly )
=/ 10¥51 ' Yt t' i

to ) ) {o }

| 1 , y=o

1 f /x) is continuous on IR
,
limftx ) = 0

,
f- (B) =L - lits )

✗ → 0

2

g is defined on f1 ,
+ a)

, by Thm 20.4 ,
LE 13 g is cont.at 0

⇒ By Thm 20.5 limgofk.gl/-loH--g(o)-- I re
x-10



E- ✗amples

3) (E)
'

= é

For any at IR

time
"? ex

ns.o-n
= time

" èÈ = e
"

Iim è '
e
"

. ,

hoo hoo

Thm 28.2 f is différentiable at pointu ⇒ f is continuous at a

Proj
.

f différentiable at a ⇒ Iim f¥a) = t'(a)
✗→ a

Rewrite flx ) = f- (a) + fH¥a (x- a)

Then Iim flx ) = f (a) + limfkfj.fi
)
Iim ( x- a) = f- (a) + ftp.o

✗ n' a ✗→ a ✗→ a

= 1- (a)

ta



Important exemples ( limites of functions )
LE 15

f ✗ c- IR ( to is trivial
, assume

✗ ⇒ o )
Iim (HÇ = ✗
✗ → 0

= gof
(x) ,

✗ =/ °

éloglltx)Prot I write Hç =
. &¥

✗ log (Hx )

2 Denote ftx ) = ✗ log (Hx )

gly ) = { e÷
' y #

o

l
, y

__ 0

Then by IE 14 g
is continuous at o

,
so

by Thm >0.5 tim goflx ) = glo ) =L .

✗→ 0

3 By IEB ftp.f "¥ =L ☒



Dérivative and arithmetic operations

Thm 28.3 1-et f and g be différentiable at a , a- IR . Then c. f
, ftg

and f. g are différentiable
at a

. If additional ly g. (a) =/ o ,
then

§ is différentiable at a . Moreover

(f)
'

(a) = c. f
'

(a )
, (ftg)

'

(a) = fta ) + gta )
,
(f. g)

'

(a) = t'(a) g (a) + f- (a) g
'

(a)

(a) = ËEE
gala)

PRI
.
(Cf )

'

, (ftg )
'

- exercise .

limflHgfq-aflatglal-p.im/flH-fla))glHtfla)/glx)-g(a))-
✗→a

✗→a
x - a

= f
'

(a) -

g (a) + f- (a) -

g
'

(a)

1f gta) to ,
then I Do st ( a- Scato ) IGH) l > ¥

'
> 0

µm
| flxlgla) - f-(a)gtx) - f149 /a) +Haig /a)

=ËË!¥?
= .ua#iai-- ☒



Dérivative of a composition
Thm 28.4 1f f is différentiable at a. and g is différentiable

at f- (a)
,
then got is différentiable at a and

( go f) l'a)
=

g
'

Ifla )) - f
'

(a)

Remark glflxl ) - gifla ) )
= glH¥!Ê.fi?L--afa'x-aTakef(x)=&sinlE),x--o

o "⇐
☐ , gly ) = et : Iim È""± is not wel ,

✗ → o
x
' Sin (¥ ) defined (✗n=Èn)

Procol : 1

g is defined on ( fla ) - C , f-(a) +c) for some c>

ofis cont . at a ⇒ 78>0 H x ( a- Seats ) flx ) c- (fla) -c. f-latte)

⇒ g. of
is defined on la -8 ,

ato )

Need to show that Iim 9"¥a"
'
exists (

and

Compute)
✗ n'a



Dérivative of a composition
Case I : 7 MES s.t.V-xc-la-y.at y ) $ /x) # f- (a )

Then 91f11 ) ) - glflat ) can be written on (a- y , aty ) as 40f /a)

f- (x ) - f14)

where q (y ) -_ {9f" ' Y # f" ' is defined on (fla) -C , flatte)

g.
'

( flat ) , Y
-
- t'a) Ylfla))

"

gly ) - glfla ) )

g is différentiable at f- (a) ⇒ tim Yly ) = Iim
gifla ,TÉ

= J' (flap )
y
→ Hal

⇒ le is continuous at f- (a )
. By Thm 20.5 / im ✗ of /a) = y /Hat )

✗ → a

⇒ pimglflx ) ) - g /Hat ) =/ im 911-1×1 ) - glflal )
. 1inftp.Ifalalx-iaX - a ✗→ a f- (x ) - f-(a) ✗→a

= g.
'

(Hal ) . t' (a)



Case 2 : J (xn ) ,
limxn = a

,
tn xn# a ,

flxn ) = f- (a)

-120.2 → f is continuous at a ,
and t'(a) = tim fÇY÷a" =On→ a

↳
g is continuous

at fla)
,
flan ) = fla) tn

,
so

if Iim 9°H¥Ë =/g. f)
'

(a) exists
,
then

✗ → a

(got)
'

/a) = tim 9°fÇ¥¥ =/ im 91f61 ) - gifla ) )

n→ a n→ •

= O

Fix E > o . g is différentiable at f-(a)

⇒ 70>0 Hye (Hato , flatte )\{ fia)} / 94%9,9%11 / < Ig4HaË
Then 7 550 ,

J'< J
,
H ✗ c- ( a- S

'

,
a c- S' /Ya} 1f /x ) - f-(a) 1<0

Then txt (a- S
'

,
att

'

)\{ a }
,
flx ) # tla )

/ 91f
"" ) - giflait / =/9H¥¥¥ |.tk?.-a--a'/sc./.fY.-a-f" /
x - a

T-
20.14

✗ c- (a- S' iats
' )

/⇒ 0 ± C - O ⇒ tim /9¥ŒY=of- (a) = f- (a) ✗→a ta


