
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 8:

Homework 7 (due Sunday, February 27)

Today: Basic properties of the derivative 
> Q&A: February 25

Next: Ross § 29

@



Different ,
-

ability and dérivative

DI 1-et f : I → R
,

I open interval .

1-et a c- I .

We sag that f is différentiable
at at I

,
or that f has

a dérivative at a
,
if the limit

exists and is finite
.

1f f is different iabe Hat I
, we

get a function
E- ✗amples 1) 1-et f- (a) = x

.

Then Hat /R t'(a) =L (so f-
'

(a) = i )

2) 1-et f- (a) = Sin x . Then t' (a) = cosx



Important exemples ( limites of functions )
IE 13 Iim 109¥01

✗→ o

Proofs i logç is Welt - defined on f1 ,
+ a) \ { o }

a write l09ç =

3 Iim (Hx )
#
= : 1-et (xn ) be a sequence in (Oil )

✗→ Ot

limxn -_ 0
.
Define Then

and

4 Iim ( It x )± = : As in ③
✗ → 0

-

5 By Thm 20.10

6 log is continuous on (Oita) ⇒



Limites of functions
.

E- ✗amples

Warm up Lost time : Iim ( It ¥ )
"

-

- e

✗ → a

- n

i Iim ( int ) = Iim (%)
_ "

=

n → a n → •

- (n- l )
a Iim ( i - tn ) = t.iq/tn--i)-

"

=

h → a

1-Mtl

3 Y ✗ < 0 ( It < ( + E)
"

< (1+1%+7)
""

<,

Fix E > 0
.
7N tn > N / ( I - I )

_ ""te / LE
,
/ ( 1- ¥5

"

- e / <E

For x <

< (HI )
"

- es



Important exemples ( limites of functions )
IE 14

lime:-# =

✗→0

Prof Denote flx) : =
,
so that ✗ =

Then e =
where

I flx) is continuous on IR
,

2

g is defined on f1 ,
+ a)

, by
⇒



E- ✗amples

3) (E)
'

= é

For any at IR

time
"? ex

hooh-
=

Thm 28.2 f is différentiable at pointu ⇒ f is continuous at a

Proj
.

f différentiable at a ⇒ Iim H¥a> = t'(a)
✗→ a

Rewrite f1 >c) =

Then limflx ) =
✗→ a



Important exemples ( limites of functions )
LE 15

f LER

Iim (Hx)
"

- t

✗ → 0 g-
=

Prot I Write Hç =

2 Dénote flx ) =

gly ) =

Then by IE 14 ,
so

by Thm >0.5

3 By IEB



Dérivative and arithmetic operations

Thm 28.3 1-et f and g be différentiable at a , a- IR . Then c. f
, ftg

and f. g are différentiable
at a

. If additional ly g. (a) =/ o ,
then

§ is différentiable at a . Moreover

(f)
'

(a) = c. f
'

(a )
, (ftg)

'

(a) = t'(a) + gta )
,
(f. g)

'

(a) = t'(a) g (a) + f- (a) g
'

(a)

(a) = ËEE
gala)

PRI
.
(Cf )

'

, (ftg )
'

- exercise .

limflHgfQ-aflalglal-p.im/flH-fla))glHtfla)/glx)-g(a))-
✗→a

✗→a
x - a

= f
'

(a) -

g (a) + f- (a) -

g
'

(a)

1f gta) to ,
then

Pim
| flxlgla) - f-(a)gtx) - f149 /a) +Haig /a)

=ËË!¥?
= .ua#iai-- ☒



Dérivative of a composition
Thm 28.4 1f f is différentiable at a. and g is différentiable

at f- (a)
,
then got is différentiable at a and

( go f) l'a)
=

Remark glflx ) ) - gifla ) )
=

x - a

Jake f / x )
'
Sin ( Î ).sc#o,x=o,gly)--eY:lim is not welt
0 ✗ → 0 defined (xn=Èn)

Procol : 1

g is defined on ( fla ) - C , f-(a) +c) for some c>

ofis cont . at a ⇒



Dérivative of a composition
Case I : 7 YES s -

t - V-xc-la-y.at y )

Then 91f /x ) ) - glflat ) can be written on (a- y , aty ) as 40f41

f- (x ) - f14)

where y /g) =/ is defined on (fla) -C , flatte)

g is différentiable at f- (a) ⇒

By Thm 20.5

⇒ / imglflx ) ) - g /Hat ) =/ im glflx ) )
- glflal )

. Iimftp.Ifalalx-iaX - a ✗→ a f- (x ) - f14) ✗→a

=



Case 2 : J (xn ) ,
Iimxn = a

,
tn xn# a ,

flxn ) = f- (a)

-120.2 → f is continuous at a ,
and

↳
g is continuous

at fla)
,
flan ) = fla) tn

,
so

if / im goflx) - g.Ha)
✗ → a#

= ⑨ • f)
'

(a) exists
,
then

(got)
'

/a) =

Fix E > o .

Then

Then txt /a- S
'

,
at F)Ya }

,
flx ) # tla )


