
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 9:

Homework 8 (due Sunday, March 6)

Today: Mean Value Theorem 
> Q&A: February 28

Next: Ross § 30

@



Fermat 's Theorem

Thm 29.1 (i ) f :(ai b) → IR
,
xot la , b)

(ii ) f assumes its max or min at x. / ⇒
(iii ) f

'

/ ✗ o ) exists

Profe
. Suppose that f assumes its max at xo (otherWise fake - f )

.

1f
,

then

so txt (Xo ix.+8)

Therefore
.

.
Similar argument shows that



Critica points

'



Rollès Theorem

Notation : If SCIR then

• fec (5) means that f is continuous on s

• fe D ( s ) means that f is différentiable ons

hm 29.2
( i ) ft C / [a ,

b])

Iii ) ft D ( faits)) /⇒
Iiii 1f /a) = f- (b)

1700f
. By the maximum -value theorem (Thm 18.1 )

1f { xo , yo } = {ai b } , then

If yo C- Ca , b) ,
then by Thm 29.1

1f ✗☐
c- (ai b)

,
then by Thm 29.1



Rolle 's Theorem

~.

a b



Meam - value Theorem ( Lagrange 's Theorem )

hm 29.3

( i ) ft ( ( faits] )

( ii ) ft D / (ab)) / ⇒
Profs

.

Dénote F :[a. b) → IR
,
FK) =

Then

since t' (c) = , we get



Meam - value Theorem ( Lagrange 's Theorem )

n
a µ

a b



Corot /aries

Cor.2→ ( i ) FED / (aib ) ) / ⇒
( Ii ) f

'
= 0 on (aib )

Prof ( By contradiction) . 1f 7 x.ge/aib)s.t.flx)-tfly ) ,
then by Lagrange's Thm

Cor2 ( i ) f.ge ☐ ( (aib ) )

(Ii ) fég ' on (a , b) /⇒
Profs Apply Cor

.
29.4 to f- g :



Application of Thms 29.1-29-3

1)

V-x.ge/RFixx.yc-lR
,
✗ < y .

sine ( ( [ a. y] ) ,
sine D ( lais ))

,
so by Lagrange 's thm

and thus

2) Y a , y c- [ I , to )

Fix x , y c- [ I , to ) , ✗ < y .

Letf :[ 0 .
+ • ) → [o , to ) ,

f14) = Tu . Then

fecflxiy]) , f- c- D / (aiy ) ) , so by Lagrange 's Thm

,
and thus



Application of Thms 29.1-29-3

3) face IR

1-et x> 0
,
flu ) = e

"

.

ft ( ( [0.x] )
,
ft ☐ ( ( o , x ))

,

t'(a) = e
"

,

so

by Lagrange 's -1hm

1f ✗ < 0
, apply Lagrange 's -1hm to ft ( ( [xio ]) ,

FED / (x , o ))
.

Then

Therefore
,



Monotonie functions and the meam - value theorem

Del
.

29.6 1-et IC-IR be an Interval
,
f. I → IR

.

We soy that

• fis strict /y increasing on I if H x
, y c- I ( ✗ < y ⇒ flx ) < fly ) )

• fis strict /y decreasing on I if H x
, y c- I ( ✗ < y ⇒ flx ) > fly ) )

• f is increasing on I if H x
, y c- I ( ✗ < y ⇒ ftx ) « fly ) )

• fis decreasing on I if H x
, y c- I ( ✗ < y ⇒ ftx ) > fly ) )

cor29.7-fc-Dlla.to ) ) .

Then

(i ) f is strict /y increasing on (a. b) if for all ✗ c- (a. b)

(Ii ) f is strict /y decreasing on (a. b) if for all ✗ c- (ab )

( Iii ) f is increasing on (a. b) if for all ✗ c- (aib )

(Iv ) f is decreasing on (a. b) if for all ✗ c- Ca , b)

17¥
.

( Ii) Jake xiyelaib) ,
✗ <y . By Lagrange's thm



Intermediate - value theorem for dérivatives (Darboux 's Thm)

Thm2 FED ( (aib))
,
X
, ,
✗at (ai b)

,
xiexz

.

( i ) fix , ) < fixa ) ⇒ Vce (fixi ) ,
fixa )) J ✗ c- (x , ,✗ a) sit . t'(a) = C

( ii ) fix , ) > fixa ) ⇒ Vce (fin ) ,
fixi )) J ✗ c- (x , ,✗ a) st . t'(a) = c

Procol : ( i ) Fix ce ff434 ) , -l'lxi) ) .

Consider gtx) = Then

,
by Thm 18.1 (Max - value )

2

Iim Gtx) - gtx .)

x-ix.TT
< 0

Similar ') i

Fermat" them

3 ⇒


