MATH 142A: Introduction to Analysis

Today: Set of real numbers and
completeness axiom
> Q&A: January 10
Next: Ross § 7

Week 2:

homework 1 (due Friday, January 14)



Moximum  and  mininmuwm
Let F be on ordered feld and et ScF, S#¢
Def  (sesmox S )i= (seS A ¥5eS (5250))  moximum of S
(se=minS):i= (se S A ¥seS (s-£9)) minimam of S

Hrompls [ 1. Ahj Finite nonempty subsef of F hus max ond min
T&\LQ F'—‘@O(& MOX{-%‘OIM‘%S:%’ miV\{"é(O( ‘I%S'-'-"'

9. For F=R ond owe¢b, denote

L
A

lo.b)= {xeR: asxe bl (o.b)= {XeR: aexeb]
lob)={w R arx £b] (0.b):= {xeR* act &b}
(@) mox labl=max (@bl=b  mnieblz:malab)=o
(\{1& (@b (xeb) A be(a b]} => b =mox (a b))



Moximum ond  mMminimum

(5) wax [0 b) max (@h) min (&b, miv (b)) do not exist
(Pro'o{— by contradiction
Suﬂaogg fhat Ix.eR 54, Zoz=mox (b)) | The
doeloab) A Y xelab) (xexe). But

ot [0“9) =) Sosb = Ao < j’.i;%'b < b =5 (Ijgeta(b)j\ j‘°+l’>3_°>

>

Contradiction >

3. Recoll  moxio2]= mox hxeR:ocxelafs= iz

But ™o EC[E@ : oeqeﬁk does not exijt
(S\;?rosa C(O:MQﬁS,e\e@:o@c‘s-G}_‘ﬁ\qm 7Q<ﬁ_,ﬁ—c[°>o.
{_i_ (10 So = ‘ahOEN s. k. Q& ?\L°4 E"‘TO . Tl“el’)

4o £ 9o ALY contro diction



Upper [lower  bound

Let F be ow ordered Held ond et ScF, S#9

Def 1f MERE AN Yse S se M  then M s called an  upper baund
of S oand S is called bounded gbove

If meF A ¥ seS wmes Cthen m s colled o0 Jower Boundd
of S and S is called bovnded below
S is called bounded if 1 is bounded gbove and bounded belw

E xoomples 1. lnFecvals  [o b, tab) (@16] , @) are bouwded:

O_hj mea & o lower bound, auny M2b ¢ an wpper bound

for these sets.
2. 1§ So=mox S | ther any M25s is o uwppef bound e S,

3. Cets N\Z(Q\\R are not bounded ocbowe .



Su.?(‘e.mu.vv\ ond  1InFimum

Llet F be own ordered feld and et ScF, S#d
M ¥ S is bounded above and S has a leoS‘l’ uPPer bound

then we call it the supremum of S| sup S

(M-:suPS):: [¥seS (se MM A(Y Mi«™ 3seS (=0 M,» &)
I¥ S is bounded below and S hos o greatest lower bound
then we coll it the iwfimum of S nf S

(M w\(’5> (exerusa )
EﬁOJV\P\QS . H max S exiets "t‘f\eh SUFS= mox S (.Simn‘\aﬂj }hf)

(‘huke, s= M an definiRon (*ﬁ))
2. sup [ab) = supfaib) =sup (Q-b]’S“P (no)=b (Si“’\‘l \&f\j for in()
(*\ZOF Taeb): W Mich 3 theu b*ZM‘e [a. b) N [Mw S M )

\
S.



Cow\p\d'evvass OKOW

3. () F=R Mmox [082] = max {xe R 0exe(iy = {Z
5\,,P[o,rz‘]=su§>{xe\&2: ocxschl= {2
) F=R mox { xe @ 0exelz |t does wof exist
gu\vflxe Q:0c2¢Zy = {3
(Y F=Q mox {xe Q: 0c2¢@l does not =xivt

Swp fxe @ ¢ 0¢xe(z2y does not exidi

Completeness Axiom

E\ferj Y\OV\QW\P\j subset Sof R 4hat s bounded obove has o

leost wpper bound | | e. surg exists ond (s @ real number.

)

(g #qb) A(S bounded Qbo\@) = 3 SU\DS
Satisfied ‘o}) R (by definfion) not satished by &.



CQFO\\OJ\I 4.g
(et ScR. (S;"@) A(S bounded bQ(0w> =5 3 infS

P E=ndaRAERm-z

®: S bounded befow = F meR s4- mzs VseS = ¥seS-se-m

Dencte -S={-siseS§

=> - S (5 boundad obove
@) ~S is bounded obove B I sup(-5) = s
@): Se= sur(-S) & (FseS —ses) A(Y Micse I5eS (Mg—sbj
& (YseS -ses)a(¥-Mrose 3ues (-Mizs))

£ % =wnfs
B



A rc}\'\ W\edeom P(‘o Pe_rt‘-‘

¥ avo IneN st Fza

o
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« Y b JnelN s.t n>b

Thm u.6 (Aechimedean Propecty )
N aso0b>0 TFreN s{. na>b
Proot: (bj contradiction ) S“?fose AP i not frue.
4 0> b>o s+ ¥pe noac<h
. ChA
@ S:: {O.h i Y\QNS IS bQuwéQé =) -3 5\1378 =:S4

. AQ‘(-S"’?
) Comsidet  Se-a:  a>0 =) Sc-a ¢Se = 3 Nhe s.& Se-a <an,

= So <(h-\-\)& (< S =) So # 3&;{) S . o n o i Nou

/]



Denseness of Q

Thm 43 (Denseness of Q) o 2cqek il /\ i
(Owbe\R)/\(o.Ua) = 3 qe® (C‘E(Q-‘D)3 Q/KL
Proof - Enouak to show thal 3 meZ ne N s.t.
ot ™Mb anemebn A
AP k- b

® l;'~0~->O = 3 hoeN st- ha(b‘q>>\

How 4o show that I meZ 4. a_V\QAMLlono?
Choste the smallest integec qreater than ano.
@ Domox{lal\bl{7 0 ﬁ—\; 3k st K2 ng moax {fal,bly
= -k £he® £hob ¢
& W= EjeN‘ ey, panf W £inte and W£D = T mink=m

® m=minl 5 m-1Lon =7 mcantianbk D Nadmingb g



