MATH 142A: Introduction to Analysis

Today: Ordered field
> Q&A: January 7
Next: Ross § 4

Week 1:

visit course website
homework 0 (due Friday, January 7)
join Piazza



Fields

Ncz CQC—J_E_ (ProPer subsets)
Let F be o set with two binurj operatfions
+: FrF > F (addifion) ond < F<F =2 F (multiphcation)
Consider the -F01l0w§n3 properties :
at (btc) = (o+b) +c V a.bice B (associativity )
(:2):2 # 11 (2:2) 7% (2T e ot assecintive
otb=hra o LeF (COW\MU‘\’O‘{'{\'(*\D [*V " meant “for u\|'1
3-2 # 2-3 & ot commutative
3 0eF st. a+o=0a YaeF (neutru| element )
0¢ N [T weans  thece exishs’ |
VoaeF J(-o)eF st. a+lo)=o (additive inverne ofa )

®\20:={re®: (\201] —~ € ®2o



F\Q‘és (C/OV\'t) go((‘ec“'?é
c( bc_) = (ah)g Y a.biceF C&SSDC\'&’\'(‘V{"‘j )

ab = bo N a.befF (comvv\u"iq‘('i\l\‘&‘:j)

3 lEIF ¢.t. o-l=c \erF (heu{\'rul e_\e,me_n—\'\

N aelF st. az0 3 o efF s.t. 0a =\ (M\LH'\P\\.C_.Q*A\\JQ
\ sh Inue rse
2K2 o |\ |\ ‘
F={MER detM#0f (l\y((s)i (0)(([)
o (btc)=abtac ¥ obCeF

Definition (\-_Ie,\z\\ Set F with more than one element ond b'marj

DPQ,(‘CL‘\'\'OV-\S 4+ awnd . SQL‘\'\S‘(’ﬁ\;{\a (S ml\e& o- "ng\é,
and wre colled the *F(QH QX OMS

Rematk @, R ace fields N, Z o oot felds (with uwued "I'")



Consequences of Field axioms
{

Theorem 3.1  Let F with oPero:\'l'ovxs + ond + be o Fied.
Then Hor cmj o, b,ce F

(1} a+tc=b*rc = a=b (N) C=2)(EB) =ob
(i) «0=0 (V) oc=bc A c20 D oc=b
(i) ((o)b=-ob (Vi) ab=0 = a=0 ¥ b=o

Ay
Proot (1) atc=bre = (atc)r (<) = (bre)r (<)
As A> \
(Onc)’r (-¢) = ot (¢ (-0)) i o+0 = 0 (bf(.)'\'("(.)t‘-‘ b«—(cér(-c))’b‘:bfcf‘:b

which ‘\W\P\ics that a=b

.. A DL
(\\) Q-0 = 0O (Oi—O) = Q-0t0O @
AD A2 = 00+t0-0=0rQ'0 = x0=0
x0=x0+0 = D+0-0 B

Prop £ 0, and Or are (additive) neutval clements thew ©, =0,

Peoct O, 2 0,40, % 0,+0, 20, %



Ocdered Fields
Definition Set S wuith o (bincxrj> refofion ¢ is called

\ineqr\u) ocdered i+

(01) ¥ a,beS <ither ozb of beo

(027 ¥ abe S (oeb A bea =5 a=b) Contisymmeatry]
(02) ¥ obiceS (aeb Abec = ac <) [—{—mns(-i-(\,{-}j‘]

Defindion Let F be o set with oPe_ru+§oms + ond « and

order relotion £. F is colled wn opdered field 1f
« F wth +and + is o Field

- F owith £ s linearly ofdered

- (OW) actbatc ebre ¥obiceF

.(05) atbnoLe = ceehbe



Droperh‘es of ordered Hields
Theorem 2.2 Let F be on ordered Feld with operod(ov\s +, -

ond order cclofion €. Then VY oa.bec n F

(1) wétb -bé-a v) o¢|

(i) o4b ACtD > bctoac (Vi) oza = o¢o!

(i) o0ta NO¢b » pcab (Nit) pcachb = ne'za
(iv) o<a’ [a’=oa] [wsb means “0eb A Q#b"}

0 -
Poct (1) b 5 ar(Ca)e(h)) e bt (Cateeoy BH _p e

il 0
(i) 0t0=0 = -0=0 therefore C¢o 2 0c-c . Then

oS T3\ i
webAOLt-C = ale)s b)) = -ace-bo Y be cac
. . oS
(iv) Bj 0| either @0 or 0LG. pia =) 02 G = 026
T
0Lz =» 04 ((a)(a) = Qca?
@



Absolute volue
Let F be on ocdered ield

a f ota
Def 2.2 Let aefF. We caf |¢\:={ ‘
=G I'F 0O

the obsolute valwe of o
Def 2.4 et abeF. We coll digt(ab):= \a-bl
the distance between o and b [a-b:= at (b))
Thm 2.5 () Delal YV oeF
(i) lobl=lelibl ¥ o beF
Gii) larbl £ la{+1b]  Ya.beF ( Triangle iv\ecIuQ&Hrj)
Roost (1) Follows from dhe definction and Thm 2.2 ().
(i) Evercise (check L coses)




Proof (comt) (i)
S\e?l: Y cefF 04C = -fcfeCelc|

0l
Proot: DLc = lcf=c A-C£0 =) -Ic\lc04c ¢lc|

SJrer: VceF,cco= -lalecelc)

Proof: ¢ 20 = (lel=-C)AL=c)AElc) > ~1cle € 20 21
Step 3¢ ~lolca clal  -(bleb ¢ bl

Follows “From Stepl and Step2.
Stepu: —lal-1bl £ o -kl £ O+ b < (al+b & lal +1b)

ath 2 lal+(bf
= = la+b| ¢ lal+ibl
~(ath) & - (-lal-1blY) = lal +(b]
)

Goro“om‘ Y abcelF  dist(a.c) ¢dict(acb) + dish(bc)
P(00_< . EKQ(‘C\\SE (‘A’.\V\'\". DQ";‘\V\Q_ X = CL"b \\1 = ‘O-C_ )




