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1. Prove that for any n € N
(1) (2n)! < 22" (n))2.

Solution. We prove this statement using the principle of mathematical induction.
Basis of induction, n = 1:

(2) 2-1)!=2=2<2¥(11)* = 4.
Induction step. Suppose that

(3) (2n)! < 22" (n!)2.

Note that for any n € N

(4) 2n+1)(2n +2) < (2(n + 1))

Therefore,

(5) @+ =2n)2n+1)2n+2) < 22" (n)?(2n + 2)% = 22D ((n + 1)1)2.
By the principle of mathematical induction, for any n € N

(6) (2n)! < 22" (n))2.

2. Prove that the set
n

(7) §5={—"=

is bounded. Determine sup S and inf S (provide the proof).

2+ (=1)") : ne N}

Solution.
Step 1: S is bounded. First, note that for any n € N
(8) l=2-1<24+(-1)"<2+1=3.
Note that for any n € N
9) n+ 3 < 4n,
which implies that for any n € N
n 1
10 > =
(10) n+3 4
Moreover, for any n € N
n n
11 < —=
(11) n+3 n
We conclude that for any n € N
1 n n n
12 - < 1< 24 (-1)")<—--3=3
and thus for any x € S
1
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Step 2: supS = 3. Suppose that M < 3. By the Archimedean property there exists
ng € N such that

14 2 .
(14) ng > T >0
Note that
3M 32
(15) 2ng > TS

=
3—M 2no + 3
Therefore, if M < 3 there exists an element x € .S
2710

2n
- 2no + 3(2 (=0T
such that x > M. We conclude that sup S = 3.
Step 3: inf S = 411‘ Note that for n =1
1
1+3

and as was shown in Step 1, for all z € S,
3 (a) from the textbook, inf S = min S =

(16)

(D) = €5,

< x. We conclude that }l = min S. By Example

(17)

[ L N T

3. By checking the definition of a convergent sequence, compute the limit of the sequence
(ap)5e, with

(18) an =vVn+1—+/n.
Solution. Firstly, note that
e WAEI—VRWAETEVE)
19) = Vr+1-vn= NESENG VRSN

Now check the definition that lim,,_,o a, = 0. Fix € > 0. Then for any n > [8%]

1 1
20 ap — 0| = ——————+< —=<c¢
20) S Y T S SV TR

We conclude, that for any n > N(¢) := [%], |a, — 0| < &, and thus lim,,_,« a,, = 0.

2

4. Determine

1 2 3 2n—1 2n
21 I <——— A ——).
( ) N 2n 2n+ 2n + 2n 2n

Solution. Note that for all n € N

1 2 3 2n—1 2n
99 <___ 2 __>
( ) 2n 2n+2n + 2n 2n
1-243—-4+---4+2n—1—-2n —n 1
( ) 2n 2n 2
Therefore,
1 2 3 2n—1 2 1
(24) lim (———+——--- n ——n):——
n—oo \2n  2n 2 2n 2n 2



4 WINTER 2022

5. Prove that the sequence (b,)22; with

1 1 1 1
(25) by =1+ -—+ + +oet

2-2  3-22 4.2 n-2n—1

is convergent.

Solution. Step 1: sequence (by,) is increasing. For any n € N
1
(26) b1 — bp = m >0,
therefore, b,.1 > b,, the sequence is increasing.
Step 2: sequence (b,) is bounded. Note that for any n € N
1 1
n2n—1 < on—1"

Using the above inequality, we have that for any n € N

(28) bn<1+(%)+<%>2+...+<%>" 1 1_(%%)

Therefore, sequence (b,) is bounded above.
Step 3. Theorem 10.2 implies that sequence (b,,) is convergent.

(27)

1
<17
2

=2



