MATH180C: Introduction to
Stochastic Processes Il

Today: Limiting behavior

Next: Review

Week 4:
» homework 3 (due Saturday, April 23)

» Midterm 1: Friday, April 22



Forward and backward equations for B&D processes
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Lth cun behavion of dJdiscrete time MC. .Su.mma,rj
Let (Kn)nso be o disrete time MC on {0,.., N} with
stotionary transition probability matrix Ps (Pg)ijes.
+ Pis colled regular if there exists k such that [P‘J(\-Jvo
for all ¢j. [Pis regular iff (Xn) is (rreducible and mPerl'oafcj
Thw [ Pis rer[Otfl‘tkev\ there exist To...,Tue R s.t.
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| ong run behavior of continuous ime MC.

let (Xt)kzo be oo contimmous time MC = Xie {0,---) N}
ond et (¥ dna o be th. embedded ju.mF chayin .
Det . (A)eso (s called (ereducible £ s JUJMP chau'n
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Loho‘ cun behavior of continuous time MC

Remoarks: (Contirmous time MCs are "aPen‘od\'r_"

AlL irre ducible continumous time M™MCs ore "reju.(mr"
Example. Expmy
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Lohc‘ run behavior of continucus time MC

Remaclk about 2): tQ=0 is eciu.ivo.Lewk {0 &

=) ¥ mQ=0, then us(v\j \Lo]moaorov bac k ward eﬁuatfov)
(TPR)Y=
5o TPHE) s CndePendev\Jr of t. Since P(0)=T , we cj,e{—
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Example : Two-state MC
OWHO

From Lecture S5: f Q= (—‘: _1), then

PlO)= T+40- 15 ¢ Ta el

Lim P (%) =
€+ 9 o

Note , that thu \'ju.w\‘: process (\/v\\ does not hawe Umiﬁnj
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Long run behavion of discrete time MC. Su.mmo\,r‘j (z)
Let (X")h?_o be o disrete time MC an {0, 1, 3§ with
S‘ta’cionowj tronsition Frobabu'l\'{-y mate P=(ch):,}=o
Define R;=min{r: Xn=(} o mi=E (R \Xo=() meen durotion
between visits
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Lohq run behavior of continuous time MC (2)

let (Xt)ho be o contiwuous time MC C Xee dogt
and fet (Ydnes be the embedded jump chain.
Define Ri= mn [t7 So+ Xg= 1Y |
mi=E (Ri | Xo={) — mean return time from ¢ to ¢
If mico, then « is positive recurrent (class property’) .
Them ) [ (Xe)ero is icreducible , then
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Remarks

1) Until now we discussed Onlkj the tronsition
probobilifies. But (n order to desccibe completely MC
(X¢) we need odso v/} Cn\{\‘ul/si-&.(lciwj distribu tion
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Remarks
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EXQmple EC(‘H\ and death PPOCQSSCS

If we constder the birth and death peocess, the
equq‘c(on TQ=0
tales the fFoHouoiv\j form
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Ex&mp\e. L(neor .c’rowt'/s with Cmm(jrq-l-(‘oh

Birth and death process )\j= )\jq—o\' P = /u)' <)
Using &Lolmoaorov‘s eCIuQ‘tl-OV\S we showed (lecture 5 )
Yhat E(Xc\)%ﬁj’/\IJC%w, i /u,))x.

What s thu Umi‘ﬂna distribution o xt’)_

From thu Previous slide M= -—.?—i——\ 9J'-_ Ajrr oo As
gef /“J' T°T /4.
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\What You should bkhnow for midterm | (mininmwmn ).

- dedinition of continuous time MC  Markov PPOPQrt—'D\
transition Probab(h"c\‘as , Senaro:tor

— rePresen\‘od‘(ovxs of MC : (nfiniksimal (S.Qmem‘\-or\
ju.w\? ~and- hold | transition probabilities, rate diagcom
ond relotions between thum (in PQ(“HCLUW—V‘ Q and P(’C))

_ comPuﬁV\j absorption Probo.bil({\'es ond mean Time
to QbsorPt\'oﬂ

— Qom\guﬂmj S‘fu‘donu.ru} distributions for  fincte and
(nfinde state  MCs wnd wnterpretation of (m )i,

- bosic Fro‘xr‘c'\es of birth and death procasses



