
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 6: 

homework 5 (due Friday, May 6)

regrades for Midterm 1 and HW4 active until May 7, 11PM

Today: Asymptotic behavior of 
renewal processes

Next: PK 7.5, Durrett 3.1, 3.3

:



Asymptoticbehaviorofrenewalproasses
Let Nlt) be a renewal process with interrenewal

times Xi
,

✗ it 10 ,
- ) .

Thy
.

P( Iim Nlt ) ⇒a) = I

t → a 10.1-a)u{to}

uproot
.

Nlt) is nondecreasing ,
therefore 7 tins Nlt ) = : No

t → •

Na is the total number of events ever happened .
No ≤ K if and only if Wkt , = •

if and only if ✗ i = -
'

for some l≤i≤ K+ ,
a

PC Na < a) = P( Xi = a for some i ) ≤ ZP(Xi= -7=0
i--if

Thm_ (Pointwise renewal thru) .
µ=E(Xi )P(¥m→N¥= f) =L



ElementaryRenewaltheoremthm.HN/t)--E(Nlt1) and ECX , )=µ ,
then

Iim ¥" = te E×)×f=É1-→ a

Prost
.

(Only for bounded Xi : 7 ks.t.pe I F)
First note that Wnit , + i = £+8T

In lecture 13 we showed that E ( Wnit ) " )=µ( Mlt ) + 1) ,

so Mlt/ = t¥ - 1

M¥ = & + ¥ / ᵗ¥ᵗ ) _ , ) → ¥ as + → a

Ban
If ✗ i ≤ K ,

then ft ≤ K ⇒ E(Jt ) ≤ K

Ex . Xin)n≥o : 1) P(HsXn=o)= I 2) tiny E(Xn )
> ◦



AsymptoticdistributionofNIThm.LTNlt) be a renewal process with

E- (✗ 1) =µ
and Yar IX. 1=52

,

then

1)
Iim VarfN =
I

tie µ3

2) Iim.P(%i≤ 4=+1:P / ≤ a)
=v¥Ée→%dy
Nlt ) ≈ ¥ + ¥5T - Z

,
where -2-Nbi)

No proof . for t large



E-lementaryrenewaltheoremandcontimeousxi
Two more results (without proofs) about the limiting
behaviour of Mlt ) for models with continuous

inter renewal times
.

Thin
.

Let ECX , )=µ and let m A) = ⇐Mlt ) be the

renewal density .
Then

d Mlt ) 1
Iim met ) = lim - =

-µ
t → a t→ a lot

Remark-fins.tl#-- ✗ does not imply in general him -511-1=2
1- → •

( E. g. , take f- (f) = 1- + sin / t ) )
Thm_

.

If additionally Varix ,)=6
'

,
then

Iim (Mlt ) - ¥ ) = 52-1
t → • 292



F-xample.it/i-Gamma(2-
Let Nlt) be a renewal process with interrenewal times

✗ i having Gamma distribution with parameters (2,1 )

i. e.
, fx.lt)=téᵗ . Then from the properties of

the Gamma distribution ( or from direct computations)
✗

,
t - - - t ✗

n
n Gamma ( 2n , 1) ,

so

+
2h - I

f-
* "

(t) =
,
e-
ᵗ

,
for t > 0

We can compute the renewal density
mlt) = É F-

"

It ) = É ᵗ e-
1-
= eᵗ{ e- t = 1¥

"

h = I n = , (2h
- 1) !

t

so that Mlt) = /mix )dx = É - t + jet
0

Finally , EH ,)=µ=2 , Varlx ,) --02=2 ,
so %¥- = - ÷ =É



Jointdistributionotageandexcesslife
From the definition of re and E- E- A←

Plot ≥x , Jt > y ) ( ✗ ≤ t )
i.pt i

= : :
I

1
I

• Partition Wrt the values of Nlt )
WN / t ) t WN /1-1+1

=

condition on the value of wk ( c. d.f. of wk is f-
*"

(t )

=

=

=



Limitingdistributionotageandexcesslife
Assume that ✗ i are continuous

.

Then

Plot ≥x , Jt > g) =

=

=

=

Recall that Els) :=m / s ) - f. → 0 as s→ - ( µ=E(Xi) ) _

Then

t.im Plot ≥x , Jt > g) =
tis

=



Jointllimitingdistributionotcot.cc#Thm-
.
Let Flt) be the c. d.f. of the interrenewal times . Then

• t -k

(a) PCH > y ,
Ot ≥ >c) = 1- Fltty ) + I / 4- Fltty - u))dF*Yu)

K = I
0

t - x

= I - Fltty ) + f ( I
- Flt + y

- u ) )dMlu)

(b) if additionally the interrenewal times are continuous ,

him Plrt > y ,
a- ≥x ) = te ↑ ( 1- Ftw)) dw (*)

trio xty

If we denote by ( go ,
So ) a pair of r.us with distribution A)

then go and so are continuous r.us with densities

fg• Ix) = for, (a) =



Examples
Renewal process (counting earthquakes in California) has

interrenewal times uniformly distributed on 1-oil] (years) .

(a) What is the long-run probability that an earthquake
will hit California within 6 months ?

(b) What is the long-run probability that it has been
at most 6 months since the last earthquake ?



Keyrenewaltheorem
Suppose Hlt) is an unknown function that satisfies

HH) = hit ) + H * Flt ) (*)

[
renewal equation

E. g. : Mlt) = Flt) + M * Flt) ,
m (f) = f- ( t) + m * Flt ) = f- A) + m * flt)

Remarkaboutnotation + •

• Convolution with c. d.f. : g*F /f) = / glt
- x ) DFG)

- a

• Convolution with p - d.f. : g
* flt)=↑g It -a) f- A) dx

- a

Det
.

Function h is called locally bounded if

De± Function h is absolutely integrable if



Keyrenewaltheorem
Thin ( Key renewal theorem ) Let h be locally bounded .

(a) If It satisfies
,
then H is locally bounded

and

(b) Conversely ,
if It is a locally bounded solution to (*) ,

then [
convolution in the
Riemann - Stieltjes sense ]

(c) If h is absolutely integrable ,
then

Nof .
Remark_

. Key renewal theorem says that if h
is

locally bounded ,
then there exists a unique locally bounded

solution to (*) given by A-*)



Exam

• Renewal function : Mlt) satisfies

and

Flt) is nondecreasing , so (c) does not apply to

the renewal equation for Mlt)

• Renewal density : mlt) satisfies

and

(in the Riemann - Stieltjes sense)
f is absolutely integrable , , so



lmportantremark

Let W=(W , ,
Wz

,
. . . ) be arrival times of a renewal process ,

and denote W'= (Wi ,Wi . . . . ) with
Wi

'

= Wit , - Wi = ✗ zt ✗zt -- - + ✗ its
,

shifted arrival times .

Then :

• w
'

•

w
'



E¥aÑp Compute him Est ) .

Take Hit )= Eat )
trio

If × , >t ,
then ; if ✗ , <

t condition on × ,=s

E- Igt) =

E( Jt # × , ≤t )=

=

=

=

=



Exampk(co
Assume that EH ,)=µ , Vara ,) --52

E / (Xi - t ) # × , > f) =

=

Since we assume that E(✗ c) = -02
,

and

Finally ,
we have that

HH) =

therefore It / f) = hlt) + h* Mlt )

with hit) =



Example(co
In particular ,

a S

f / G- FIN)dxdt=
° t

⇒ by part (c) of the key renewal theorem

him E- (Yt ) =
1- → a

similarly him Else )= , lim Elpt) ≥
c- → • 1-→ •



Exampte
What is the expected time to the next earthquake
in the long run?

For ✗ , - Unit foil]

therefore
,
him Eljt ) =
c-→◦

And the long run expected time between two

consecutive earthquakes is


