MATH180C: Introduction to
Stochastic Processes Il

Today: Introduction. Birth processes

Next: PK 6.2-6.3

Week 1:

o visit course web site
» homework 0 (due Friday April 1)
» join Piazza



Stochastic (random) processes

Def. Let (Q.?,P) be o probability spoce.
Stochastic process is @ collection (g : ‘teT)
of random variables (el defined on bthe
Some Frobo«b\'h"(:y sPace)
- often t represen‘ts time but can be I-D space
T s called the ¢ndex set S s called the state space
W:QxT>S (Xe(w)eS)
Lor ouny fixed w, we Sa’c o Cealization of all

. a.m O:tk
roandom variobles (X., (w): te T) — iﬂjfﬁo%

« <tochastic process



Stochastic processes . Classiticalion

(Dueslions :

e What s T « What is S

« Relations between Xi, and Xy, Hor t,#t2 )
. Pro‘)er\‘ies of  The -’rm\')edorj

Discrete fime Continuous Fime
T=N, 7 {iote set T= R, lo,+=) [o.1)
L condom vector
Real-yalued Integer-valued Nonnegotive ..
S=R S= 7 g c [0,400)

Ccm‘\.‘r\uou\sl righ’\ -~continuous (caé\o\S) scum?\e Po:H)



Exo.mp\&g of stochoastic processes

. Colussian processes - Lor &r\j Te T X has horma) disteld .

. S’koﬁ{onurj ?rocessras: distribufion doesnd chom\c)e in Time

e Processes with erod'(omrd and inde()eh&qﬁ incre ments ( Le\r7

. Poisson process \ncrements ore ‘mdePQnQ&en* and Ruisson ()

« Mooy processes : "distribution 0 the future &ePenq\s on[J
on ‘ﬁw C_uq‘r?_ﬂ'k S"oik‘e\ bv\"( does _F_\Qi c:IeFQhA on —h\e PQS"'M




Exa,mp\,es of Stochostic processes

) MQF‘\(‘\ﬁSQ\es : E£X°*‘\Xh.~~-.x-.?§v]=xh (:Fodr joume“>

Prownian motion (Niener P(‘oCeSS> 15 o contibuous-time 5"}.Proc_
Gaussian m&(‘“\'\hgo\\e . has S‘h'h‘onarb and
‘mc\ependen'} wnetements | Markoy  Var (Wel=t
Cov W, Ws J= min{sty s sam?\a Po\'ﬂ\ 1S

e—\‘Q‘"BN\“Q\"Q confinuous and nNowhere A fferentiable

diffusion plocesses (5*0Lkus-\-\‘c AWM "\)&w
&iq\emh“'iq\ Q_:‘U\OCHOV\S)




Continuous time MC



Continuous Time Markov Chouns
Det (D(Sc(‘e't.e- time Mackov cko..(n)
Let (Xh),\m be o discrete time stochastic process ‘L&\L(hj

values t Z, ={0,1,2,-.§ (for convenience ) (Xn)nao 1S called
Mo.r\LQ\I Q"\Ok;h H: —(:Q(‘ anj neN and (:, : C.,_-_| L‘.,_\ ' L.,J‘ € z_‘_
P(X\'\H:\j l\(.a‘l.o , Xi= L‘\\ -~ Xn-1 = (h1 ' Kn=t 3 = P(Xm—Fj | Xh=¢ )

Def (Continuous-time Markov chain)

Let (Xt\tzc,: (Xt“oét‘w\ be o continuous time process
‘l’.m\LihS values tn Z, . (Xt)uo is called Markov chaln f
Lor ony ne N oetoct < etnaes (50, o, 0y, ., lna, c‘je Z.



Po(ss oh process

ES_E. JA\ PO\'Ssoﬂ FroCess 0‘( (r\‘\'ehS-l‘}J (Nde.) A>0 s

on \hjreser— valued stochastic process (Xt)tzo for which
N for each +ime Fo‘m*s Tozo <t ¢ ¢tn | The process
‘mcremen){s Xt.- Xte. Xt.‘ = Xt, R Xth‘ Atn-y

ofe ‘\nQ\eFenc\en+ toondom  variables

23 ‘For S2o and 't>0| fhe romdom \lari&b\e_ Xsﬂ-)(s lms

the Risson disteibution Pl Xeas-Xg = k] = (’\ﬂ k=0.\\--.
3) K=

Xe 3 —

L &

| o—0

L - t . .- .t




Exa-mp\€= PO(SSOF\ Process as MC

\5 POCSSOH PPOCQSS Qa C.Oh't(nqous —tzLM-?. MCF)
Polisson F(‘oceSS'.

continwous Lime

discrele state
(*)

Let (Xt\)t;;, be o Poisson process, let el e--- ¢¢

P(XS-\-t:j l X-t":{"’ ,Xt|= ‘.’l\---' Xt“.\ =l--'f\--\ 3 Xs=i>

N



Transition pro babt k(t\j Lunction

One oy of descr(b(ha o continuous 4ime MC s lmj
u.s(nS the transition Probmb\'ki‘t\j functions

Def  Let (X)eo be o MC. We call

C,J'e{o,h--‘ﬁ . s20, t>o0

-H\_e ‘trqns\-'\:ion P(‘Qb&b\' l/\'.bj ’FUJI\C‘UOV\ 'FOF CXES‘EZO-

\f P (Xsut =3|Xs=§\ does  hot dePencl on S | we say
tYnat (A0  has S{Q‘t[onar\} transi tion Probab\-l/t"b\“es and

we define

[COMP&(‘& bd\\-b‘l\ n —g‘\l? -ﬁ'ro\“s;'tfovx Pc‘obo\b\'u{:zes ]



Chorocterization of the Poisson process

time
ExPe.rCVY\eh’L‘. cownt events OC.cu_rr‘W\S Q,LOY\3 [0.+oo) or I-D Space

L4 M X

+ AV2 AV4 3
¢ K ~ 7 7 7 7 ‘

Denote ba N((ME\) the number of events thot occuwr on (o,b7.

Assumplions «

| Numbee of events hoppening in disjornt intervals are independant

2.For any t2o and ko, the distrbition of N((t,t+h]) does not
depend on t (only on h, the length of the (nterval)

3 There exists A>o st. P(N((t, t+h]§>ﬂ Ah+ u(h\ os hso

(rore even 5\

4, Stmultoncous events are not Poss‘(b\e,: PIN((t .'t”ﬂ)z?_\):o(\n\,k.;a



Transition ProbabLL('ttes of the Potsson process
Let (Xt)eso be the Poisson process.
Define the tronsition probabilily Lunctions
P(y= P Xem=j | Xe=0) | tjetonay | tae, hoo

What ore tha inFintesimal (SMCLM lr\) +ransition Prob&b(bltj
funclions  For (Xt>-tzo7_ As h-o,

Pi (h)= P (Xeeh = ¢ I Xe= 1)

P, (h) = P(Xun=inl [Xe=t) =

2 Pii ()=

:14 {C.t'hs



Poisson process and transittion ProbabLL(‘ttes

“To sum wp (Xt)ﬂo 15 & MC with @nfinitesimal) transition
Prob&b;(\\ﬁes sq,‘th'th‘nS

Ri (k) =
Pl'.\{ﬂ ("\\) =
J%l'u‘ﬂ) _P(lj“\\ )

What h[ we allow ch(\r\\ clquv\c\ on L?

L> birth ond death processes



PU«FQ_ buirth PrOQeSSeS

Def Let ()‘k)ltzo be w sequence of Fos\"t(ve numbers

We define a pure birth process s o Mo kov process

(Xt)t;a whose S'tmﬁ'onar'j transition Probmb(L\'ties so:l:(swcj

Lo P (h) =
2. By (W)=
3. Pz,j (K) =
y. Ko =0

Reloted model . Yule process >\\L=Ja,l< for some >0
Describes the jmusﬂ\ of a FoFu(o:tiov\ !
- bicth rote s Pc‘opor‘tioth 4o the size of the .PoFu\oCH'Dn



Birth process<s ond celoated dferentiol equq‘tc‘ohs

Now define Ph(t)=P(Xt=n\)_ For small hso
P“('l‘.'*"\\: P(Xt#ﬁ”‘} b

Pu(t4h) = Pua(€) = -AL KR () # AR Pt (£) 4 0(W)

R k)=



Birth processes ond celated differentiol equo:tc‘ons

P ) saclisfies the —§olLow(h3 Sjs‘re.rv\

of divHerentian egs. With tnitlal conditions
R (t) = R (o) =
P" ({‘) T P| (0) 5
P, [£) = P2 (o) =
oy { :
S (4 = Pa (o) -

Sa|v(h3 s sxjs’b.m gives Yne PM-F of Xi or G\ll\,j"l'_



De_scrip‘t(oh of the birth processeS vid Sojourn Times

(thao

—0
——
——)
—_—
* T A (R
(? W\ vt“)— NS N'!J('(" T
( N ' |
| les,
vy

So lcs_:)l 57. ] SB

Wi - l-.'H\ ‘b\'rtb\ 4ime " SL—“'UME between (l:-l)-t‘n birth and U-Th bl.'ftt\"
(-1

W= Z S¢ Ls sojourn times

Ll=o

A Lternotive oy of ck&r&ct(rizl'hj (X\-)tao:



De_scrip‘t(on of the birth processeS via Sojowrn times ®

Theorem

Let  (M)uso be « sequence of positive  numbers. Let
(Xth,,, be o hon—dec.rmanj right - continuous process  Ke=0
talking values (n {on2...3, Let (S)ise be the .SOJOU\-NI\
times associated with (Xt)t>c’ and define W, = Z S¢

Then conditions

()

()

ore ec‘m{\rq\am-l- to

(<)



Explosion o

(X)ezo _

1 1 i [
T 1 | |
0 W \?g‘z Ws “‘?ﬁ ]((T t 0 | T mg <
! (IR, ' o
lIS.,%S_TI S, . [ leaes e.x‘:\os(ov'n time
oPu(a‘tiOV\ becomes (nfinite (n
fintte time

M i L_E't (Xt)-tgo be e W Pure btrt('\ P(‘OCQSS 0'\( fotes (Ah)y_;o_
Then



So\vihS\ ‘e system ol diferential e.quxo:tioo\s <)

R(£) = -Xo Pu(t),
_k
Ph' (+\ = - )\h Ph “’) * An-1 Bae ('E)'

R#):
Pk =
P (%) _
P, (t)
3' (¢) =
9(%) =

PO(°)=|
Pn(o)=o

for



Solv'ms\ the systewm ol difertential e.qv\octiov\s <)

B (+) . h2|
COY\S\.&Q\‘ the —Fu,nc,‘t(oh G“ (.&3 =

(Qn )=
&V\ (‘:\ =
(—\ Pv\ (+\) = &~ O-FPIj recur‘si\lz(j
= * | - /N\o - f -As)S |'€ A\ I\‘
P )= ™ (h %My - et [ &My, (i Aueds)
Mt (- o)t
=€ A (@ S = A ght ke gAE
AAo ( ) VAR v



