MATH180C: Introduction to
Stochastic Processes Il

Today: Martingales

Next: PK 8.1

Week 8:

» homework 6 (due Monday, May 16, week 8)
o OH ’Iuesdaj | 3-43o PM ot APM 218

Midterm 2: Wednesday, May 18



Martingales
J

De—F(h\.JC\'OV\ . A S‘Loc‘r\o\s{'fc \:roczss (Xn.nzo\ IS o

W\ar{-ivqule it Jor n-= O \--.
@) E(1R4) <> ¥Yn
(b) E( Xm—\ \Xo,x\_..‘xn) B Xn

After %Q(L\'V\j the Q)(Pec‘tu{'(ov\ of both sides of (b)

we 3{\: that
E(XY\H) = E (X“)

(Xh\“zo 1S o mar{'\r\jo.l& = E(Yn): E(X) ¥n

- Submar’cihaa\e - B (XM\ | Koyooo, Ko ) 2 K (incraases )
- SL\_'\)Q('VY\CL"'E\V\jqke_'- E (th\ \)(g,(__~| ﬂw) £ Kn (decreqsesB



ExmmPles of martingales
(1) Let X Ko be independent RV's with £(IXu() <
and  E (Xe)=o. Define S =X+--+Xn , S.= O.
Then  E(Son 156,06+ ) = E(Sn ¥ Xan | Sore Sn)
= E (5 | S0, Sn) * E(Ann |So, .., Sn )
= Sn +E(Xn:% = Sh
= (Sh)hlo s o martingale with  E(Sn) = E(S)=0

() Let Xi, Xp,... be independent RN with Xuz2o, E (1Xe[)eo
ond  E(X)=1. Define Mn=X Xz Xn, M,z 1.
Then E( Mnn Mo, Mh) E( Mn- xr\f\\Nol_ M )
= Mo E (Kntt | Moy, Ma) = M- E(xm,) Mn
= (Mn\ngo s & N\Qr‘hr\jm[e with E(Ma)- EM) =)



EXQmP(e

Stock prices in o perfect market

Let Xn be the closing price ot {he end of day n
of o certaun Pub\ic(j traded secuwﬁzj such as a dhare of
ytock . Mou\kj scholars  belleve that (n o perfect
macrket these Pr(ce sequences should be martingales.

(See PK poge F3 for more dz‘\'a.\‘l.sy



H(sJCor\J‘ ond gambling
Let O(n)nzo be o stochastic process é&scr(b\'nj your
total w\'vm{sz in N games with wnit stake.
Think  of  Xn- Xn as Your net w(nn(nas per antt
Stalke W game N, N2l n o series of games ployed
at times n=1,2,...,
I the martingale case
E( Kn=%not I Ko Kooy Koy ) =E(Kn 1 Xor Kned Y= £ (Kinor | Keop 6.
= E(%n [Xoeo, %a Y= K-t =0 (faie 3ame) |

Some QoJ'Lj works of mar%(nques woe motivated {’j
Souv\bl;l/\j. Neote that fhere exists o be&(nj si’roﬁcejj
called e 'mad,"qu(e sjg’cew\"e doubLtvxg bets after losses



Some basic properties
) 1

Let (Xn)mo be a mar{(njde.

Nn<{m

- E(An 1 Koy Bn )= K

Proct  Xn= E(Rnur | Koo, %)

Knti= E(Kntz | Koyoooy Xt )
Xn = E(Knev VXKoo, Ka )= E (E (Xns2 (Xoeo Xney ) \Xo,__.‘xh)
= E ( Knwz [ Koo, A0

Exercise : E(E(X1Y,2) 12 )= E (X 12 ) (¢how For discsekens

» Markov ‘\V\e_ﬂua,(\“"y: If  Xaz2o V¥ n, lhew Sor any A>o
P(Ans A) ¢ E (;(n\ 1 E(;m

7 Toe all w PRy 2 N) & EC)’\“) N Ao




Mogx.\mal 'W\e_ciu\o\U'bj —For honejoréixrz mqr‘E(njm\es

Thm Let (Xn)nzo be o ma("thQle with nonnegative volues.
For awny A>o and meN

E X'\
P( Or_:\“o;xm Xn 2 N & ()\ 4 (1)
d
an 'P( o xh 2)\) ¢ E(Xo) (2>
N2 o /\

Proo{ Ne Pro\ll (\\ ( (?—\) '{'\o\\oms bj ‘tq\L(hj ‘H/\Q ZA'MI"[' M= v,
TOJLQ 'th VQC‘tOV (XO‘ X|.-- ,Xw\) and Fo.r‘l:'\'tiotr\ _UI\{

So.m‘ble. space wet the ndex of the firsl r.ov. risivxj above \

l: /l\.)(oax * mKQ4A|X\?)\ 1o ¥ ﬂx.(/\‘_-,ﬁm—\ 4}\|XM>>\ +/'“)(QLX,-~~\KM(}\

COW\PLUFQ E (Xm\ =E (va\ a ) \AS‘LV\C) the above PQr'h"E\‘OV\



PVOO{’ 0‘(: the maximo\[ \'ne_quq.[\‘th

=2

E(Xm)= A EO«"\ 4&)\,4)\.-- ,)\h—&</\,>\'\2)\\ v E (\(M /ﬁ)\QC/\—-- )\MCAB

> Z B By an aced, e )

f\=2o
e
ComFu'te E(x"‘"wa\.---.x.,-\c,\.xhzﬂ bj c_oné\‘JcL'ohCV\j on
X°| X|‘---| Xh-I\X'\.:

E (Xm Wskatd oo Ky €A Yo A\

—
-—

Sum For all n
E (%m\?_



