MATH180C: Introduction to
Stochastic Processes Il

Today: Brownian motion

Next: PK 8.1-8.2

Week 10:
homework 8 (due Friday, June 3)
HWY7 regrades are active on Gradescope until June 4, 11 PM

homework 9 and solutions are available on the course website



Reflection PdnL{P\e
T\’\W\_ et (BQtzo be o 3tandard BM. Then

)
*For au\w-j t>o0 ond X>o (w\)tlo

P( Max P)u >x,\= P( ‘Bt—(>x,\

Otutt
N,
Proof Let tx—_m'm{‘t'. B{__=1l‘(‘]\|o{e_ thol Tx s a
5to\3f>in3 time and s cm(ciue(j detzrmined bj {B,0eueTs]
From the defindion of Ty . toax Bux& T s & Then

otwe ¢

P
P( Max By 2%, Bt<13 = P('Cxe’c, Bty e - Bex 40)

4 <
ocuct sMe

= 3 Pltx ek\ =4 P(mox By 2)

Leuretk

Now P(W\OﬂiBu31»= P(Bg}_x\ + P mox By 2 B ex)

osucet oluck

= PlmowBy2x)=>2 P(Be2x)= P(IBel2x) B

Qe u e



APPl'\c_o:Hon of 1he RP: distribution of +he h;ﬁ(vw) time Tx

P)j definition, Tx et & mox Byzx <o

otucek

P(—[‘x s‘t\: (moo( B“& 213?— ZP(BE 21)

b‘“"(

wclu. i w= v it ‘Ju.sﬁ—é\r

"
"
9\’
RN
N

= | & J Q_EQ(-J'
TE
XAt
g 3 % E
2 z ( /2 z z
= Fé-c of T ‘(-cz({-)'—‘J—?F—e 'ZJC ’-‘;]T—Ql: <
'Z.Q_D:
Then Em-ﬁfxeww.

7‘~/ﬁ:

?ﬁ
"F-C,_ (t) = \[—z— ‘t



Zecos of BM

Dehote b\j B(t.++s‘) "ﬂ\-e Probo.b;l\"\‘j "'HI\O& BU.?_O on (‘6."(:+53
P( By =0 {or some u € ({,{1533

Ok.tts):=
_—\—\'\W\ ) For qu.j 1,550
Ot t+s)= 5 arccos E{:

P('OQ"' Covv\‘)ut-e P( B =0 Hfor some Qe (-&,{45'}3 bxj

CO\né “Z\omij on ’U/\Q U&‘ue of Bt
e(JC '&.*S) J P(B -0 for seme we (1, tes] \B{ 1>ﬁ’ﬂ:\: c(x

,_l

(%)

Def(na BU_’- Btau-\?:t | (\'\ev\~
P(By=0 on (£ t+s]) | By =1)= P( Bu=-%x on (0,5] |Be=x >
()

£ P(@u--x on (O(Slv P(B =X 0on (OS]B

—_—



Zecos of BM
P(u33(vx<~j (c%) tnto (%) a\ues

“+ oo

O (tit+s) =

- on

_l.

P T X for some @€ (O(S-]\

P w T X -For somy W€ (0:&]3

- T
e

—
—

(o}

Flho\“\j | P( bu—'1>° Lor SOme \LE(Q(S])": P

(= “:;teqll ( E%’]‘-;/L e'%aj)cxx

i ([

0 o]

——

t

‘g P(Bu-—x —ror Some WU« (0(515 (?\;,: e—

11
Z—FJL
=
‘z('J
(Tﬂ T~
2
204 dx

\}We JP(BU‘ % for some ue (o, 5‘3>€_2’° )

(mox B 2x)=P (tyes)

(-_,CU.L5

(' Y ijj%clj



Zecos of BM

P -xt (i, L - | ty
S—Jse 2 (*— 384% = N R = ']:+j
o v N
( p S B/ > \ d
- 2 e
=) (*3 IS AR ghj J &j T £ (t+fy

Now use the dmv\\o]e of var(able %rﬁ \ dj: 21de
r fere I Ld = T \ 2 S
Qk o S {:(H-QXFE -2 T ':_‘,-r‘ S \_i-?dz_: T—Farctun \1—:)

o
= = orccos (\{
™ S+t

t RXR c\ e

|
Qe_mo\rk L—Q'k _r{):: Lh“: “‘.)o: B{::()\,_ Thev\ P(Tg=03°\

_W\Qre (s @ Sejuemse O'F xecos of Bt (0s) <°“Vefjim7 te O

To undecstand 4he sfructure of the set of 2eroy = Cantor set



BCL\QV(OT Q'(' BM as +t >

T)‘,"‘i- Let (Beﬁgo be o (tandacd) 8M. Then
P( Swp Be=+t=  (n{ Be -0 )=
t2o

t20

( BM uDSCi\Q‘tCS b.)i“ﬂ (V\C(‘QQ_}\‘V\D a—W\F(.\l‘t'U\AQ ’ )

PT'_OO/'\:_ Denote Z=Stu:f Bt . _H’W-V\ -For cumj cC>o0
RSRE I ABRmE: NEEa
P)LJ F(‘o?cr{‘*] (i), QB\./& is o standard BM  so <¢Z has
Hie same distecbulion o 2 = P(%=°>-_?'p(2=w>= - p
p=P(Z=0) ¢ P(Bieo and sep Bui-Biso)= ¢ P(220)=dp
= P(Z=o)=0 , P(2=)=l Similacly for tnf By

‘e i



‘S&mPle paths of (BQ{ oe not differentiable
T(‘\m . P( B{: s hot A\-‘F{ergn‘h‘c\b(e at 2e(o >=\
Proof . P( supBe=o , tnfBe=-w)at (&)

€20 €20

Consider Bt - tP;-/{ ' (gbiz.o“s o BM (‘oj FcoPer("j (N)\

Bj (‘ﬂ?\ for any €50 J tes, sce such that

B; Lo =) Oh\j diffecentiable if E =0
[

But if B.=o0, theu

B{;N’)l

£or some ts50 ond all ocset
which tm ples +that for ol ocset  whick
controdicls to (jA’) 7]
—_[:h‘ﬁ_'\ PC (Be)eyo is nowhare  differentiable ) = |



Reflected BM
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