MATH180C: Introduction to
Stochastic Processes Il

Today: Birth processes.
Yule process
Next: PK 6.2-6.3

Week 1:

o visit course web site
» homework 0 (due Friday April 1)
» join Piazza



Continuous Time Markov Chouns
Det (D(Sc(‘e't.e- time Mackov cko..(n)
Let (Xa)mo be o discrete time stochastic process ‘Lc\\é.\'nj

values t Z, ={0,1,2,-.§ (for convenience ) (X )nao 1S called
Mo.r\LQ\I Q"\Ok;h H: —(:Q(‘ anj neN and (:, : C.,_-_| L‘.,_\ ' L.,J‘ € z_‘_
P(X\'\H:\j | X =to , Xi= i, -~ Xet = thet ' Kn=t ) = P(Xm—l=j | Xh=¢ )

Def (Continuous-time Markov chain)

Let (Xt)tzo= (X¢:04t =) be o continuous time process
‘l’.m\Lih?) values tn Z, . ()(Quo is called Markov chaln f
Lor ony ne N oetoct < etnaes (50, o, 0y, ., lna, c‘je Z.

()
P Xsee=] Memiv Koty = Xewr= o Ks= 0 ) = PORgaer ] 1K 1)



Transition pro bobt t\j Lunction

One oy of descr(b(ha o continuous 4ime MC s lmj
u_s(v\a the transition Probabiki‘t\j functions

Def et (K)o be a MC. We call
P(Xsn:=j |Xs=i\ ) L"J.E{O'h““l , S0, t>o
+he transition Pmbub(l,(‘bj function for (Ki)eso.

I P(XS,,JC =j \ X5=i\ does hot dePenc! on & | we say
tYnat (Xﬂtzo hos thocE{onou—\J tronsi tion Probab\-l/\:'bfes and

we define  Py(t):e P(Xseesj |Xs=0) (= P(Xesj [Xo=1))

[COMP&(‘& bd\\-b‘l\ n -—g‘bL‘J ﬁaw&ttfow Pc‘obo\b\'u{:zes ]



Chorocterization of the Poisson process

time
ExPe.rLVY\eh’L‘. cownt events OC.cu_rr‘wxa Q,LOY\3 [0.+oo) or I-D Space

+ AV2 AV4 3
¢ K ~ 7 7 | 7 7 ‘

Denote bd N((ME\) the number of events thot occuwr on (o,b7.

Assumplions «

| Numbee of events hoppening in disjornt intervals are independant

2.For any t2o and ko, the distrbition of N((t,t+h]) does not
depend on t (only on h, the length of the (nterval)

3. There extsts \>o st. P(N((t, tn,}y\\ Ah+o(h) ot hso

(rore eVen 5\
L. Stimulfoncous events oare not “)OSS(b‘Q, PIN((t t1h}§> 7_\) o(h) hso
(‘\\— o(h) i lim {}(\l\) = 0o

h= 0



Transition probabilities of the Poisson process
Let (Xt)eso be the Poisson process.
Define the tronsition probabilily functions
Ptj(‘f\\)':' P( ) S9N =] |Xt=(3 \ L.J'e{o.\,'z,_-.} , tz20, h>o

Whot are the i initesimal (sma[,{ k) +vransiTion Frobqb(bltj
functions For QQ:)JQO'?_ As h-o,

Pi ()= P (Xeh = O 1 %e= 1) //Wﬁo
= P( xtfh -Ai=o IXt>L> = P(X-t+\\'xic=o> =\ - Ah+ o(h)

P (M) = P(Xem=to1 [Xe=0) = P(Keeh-Re=1) = A+ o(h)

2 Pii (V)= oh)

:14 {C.l'h»



PO(SSOV\ process and transittion Probq_bl\,\"tl'.es

“To sum wp (Xt)tzo 15 & MC with @nfinitesimal) transition
Probab;l\\-Hes sq,‘tLS'ijng
Pi.' (L\\ = |- A+ O(kw

Pl'.\(ﬂ ("\\)= )\\-\ '\'0(\\\
2 _P(.j(‘r\\ = o(h)

Jd‘l'l(ﬂ}

What h[ we allow ch(k\ clquv\c\ on L?

L> birth ond death processes



PU«FQ_ buirth PrOQeSSe..S

Def Let ()‘k)ltzo be w sequence of Fos(‘t(\le numbers

We define a pure birth process s o Mo kov process

(Xt)tn whose s'tmﬁ'onar'j transition probobilities so:t(swcj

LB (h)= A h +0(L\)

2. Py (h3= 1= Aeh +o(h) as h—o
3. Pz,j (W)= © for 'Jd«
4 . X°=O

Re\&.‘tecl mon_(. \/u.le Process : >\\L=Jg|< ,Fm— some >0
Describes the jrow’tk of a FoFu(o:tiov\ !
- bicth rote s Propor‘tioho& 4o the size of the .PoFu\orH'on



Birth processes ond celoated dferentiol equq'tc‘ons

Now define R\(JC):P(XJH"‘\). For small hvo
-Pr\(t"'"\\: P(XJMF’"\'—‘ i P(Xm\=h \K’t:k\)-P(Xt:\()

T E Pen (M) - P4

= hn (W) R (£) + Faaiin (W) P (6) + :Z: Pew (W) P"-(t>
= (AB) P )« bR (8) « o)
= Pult) - An b Pa () + Anah Pou(4) + O(h)

Pu(t4h) = Pua(€) = -AL KR () # AR Pt (£) 4 0(W)

R’(Hzfm P (m&- Pe ) P () + An P ()




Birth processes and celoted dfferentiol equo:tc‘ons

-Pn('t) so:t,(S‘F(cs tl'\e ‘Eo[l_ow[hj SUSTG-W\
of divfecentian eqs. Gith initiol  conditions
Po’(ﬂ = -l Po (8) PO(O)= l
P\’('H'-‘ - AP {{')*XaPo(-Q) P [0)= o
PL) = -XaPa (D) + X Pt) P (o) o
ey { T ‘

P.h' ('&\ = = An Pan (\'\) *  An-y Pan (t) “Dn(03= O

SQ‘V(Y\S s sjs'LLW\ 3(\125 s Pm-f‘ of Xi for G\ll\.j‘l-_



