
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 2: 

homework 1 (due Friday April 8)

Today: Birth and death processes.
Absorption times.
General CTMC. Matrix 

exponentials
Next: PK 6.6, Durrett 4.1

•
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Sojourn times Snare independent , Ëµ=¥µ=Ë+µ=Ï¥
" Exp (2) Exp (U)Each transition has two parts

- wait in state i for time - Exp ( dis-lui )
- then chose where to go :

go
→ with probability di + µ :

go
with probability Midi+ ni



stoppingtimes

Del ( Informai ) . 1-et (✗+ It , o be a stochastic process

and /et Tao be a random variable . We call T

a shopping time if the event

{ 1-et }

can be determined from the know ledge of the

process up to time t ( i.e. , from { Xs : «set } )

Exemptes : 1-et (✗e)to be right - continuons

I. min { t> o : ✗+ = i } is a Stepping time
2. Wk is a shopping time
3. sup {t > o : ✗+=i } is not a Stepping time



strongMarkovpropertytheoremlnoproofll-ethtlta.be
a MC

,
Iet T be a stripping time ot

(✗e) t > o . Then , conditional on 1-< a and ✗+ = i
,

(✗Ttt )t > o

( i ) is independent of { ✗ s ,

a- SET }

(ii ) has the same distribution as (✗e)+> ☐ starting from i .
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i
:(✗ma / +» has the same distribution

as (Xt ) o
conditionet on ✗ ☐

= i !
;

Ë:
and is indep -

ot what happened before
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RelateddiscretetimeMC.to
+Mo d. +µ, Hh d> +µ, dn.FM. , ✗n'-Mn À#Mnt , ✗t
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.in?-Tiii+.Def-.Let(Xt)t
> o be a continuous time MC

, letwn.no ,

be the correspond ing wailing (arriva , jump ) times . Then

we call (Yn)no defined by
the Jump Chain of Ht) tro .
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Meantimeuntilabsorptionhetftltz.bea birth and death process . Dénote

F- min { t > o : ✗+ = o } absorption time and
het (Yn) n» be the Wi :=E(T IX. = i ) .

jump Chain for (✗e) tao . 2J:

i i !
N : = min { n > o : Yn ⇒ } ' / =

N- l ' I I I

Then F- -25k
1<=0

=
E (So /Xiii )

Wi = E / Ësx /Xiii ) = ,µ.

+ E /
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Ësxlkii)
1<=0 IL = 1
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Meantimeuntilabsorption •

fwi-d.f.it#+ii-iwi+i+Mi-wi-i ,di +ni

|Wo = 0
Alternative /y ,

and one can show that

N- I

E (T IX. = i ) = E / [
1- Ihei )

1<=0
✗Yi MYK

Now apply the first step analysis for the general Mc

Wi -- ELËGIYÎÎI Yoi ) ,
K = o

which leads to (the same ) system of equations
o

Wi -_ gli ) + [ Pijwj
j' = ,



Firststepanalysisfor-birthanddeathpro-essessummo.ru:

Let (Xt ) to be a birth and death process of rates

( (di , µ :))
,, ,
with do -- o ( state 0 absorbing ) .

Denote F- min { t : ✗+ = o }
,

u; P (Xt gets absorbe d in 01×0 = i )

Wi -- E (T IX. = i ) and pj = .
Then

•
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i- i o
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if Ipj < •
wi ,
/ËËpj -1¥ , l'jÈ+j ' ËËj"j'= ,

ni =
' + JEÊPJ
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,
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-
- a / • ,

if jÊË= -



Birthanddeathprocesses.Results-infinitesi.rual transition probability description
- sojourn time description ( jump and hold )

Sojourn times are independent exponentiel r.us

Pli → l' + 1) = ÷µ ,

.

.
Pli → i - i ) -- Midi+Mi

- System of differential equations for pure birth /death
e.g. Pi

'

/ f) = - di Pitt ) + di- i Pi- i It)

- distributions of Xt for linear birth ( geometric) and

linear death ( binomial ) processes
- first step analysis giving absorption probabilités
and meam time to absorption

- explosion , Strong Markov property etc
.



GeneralcontinuoustimeMCAs.su
me for simplicity that the state space is finite

(Xt ) t > o is right - continuons

birth and death process
M ' M ' Pi.in/h)--dihto(h)Pi.i(h)--l-dih+o(h ) " " °

general MC

PCXt-is-jlxt.si ) = PAS Hii)
Pi;(b) = qijh + ☐ (b)

Hour to define ? How to analyse ?



Q- matrices ( infinitésimal generator )

L-et-H.weca-Q-qiji.j.ae Q - matrix

if Q satisfis the following conditions :

(a) os - qii <
a for all i qi :=j¥. qij

(b) qij > o
for all i #j then qii

= - qi
(c) Iqij = o for all i

j

Exemptes 0 1 2 3

(a) (b)
,

° -4 1 0

3f[
' '

)
' a - • si

=
, → g- , / y ☐ , ☐

0 2 -2 3 0 0 7 -7



MatrixexponentialstetQ-lqi.jp?j=,
be a Matrix

. Then the series

ÊQ
"

converge Componentwise ,
and we denote

1<=0 I!

-

a
"

its sum [ = : eQ
,

the Matrix exponentiel of Q .

1<=0

In particular , we can define et = Ê ¥
"

for tao
.

1<=0
#

Ihm .
Define Plt ) = et

°

.
Then

( i ) for all sit

(ii ) (PA ) ) is the unique solution to the equationst> 0

|# PH ) = , and /¥ PH ) =

| Plo ) = .
| Plo ) =


