
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 3: 

homework 2 (due Friday April 15)

Today: General continuous time 
Markov chains. Matrix exponentials

Next: PK 6.3, 6.6, Durrett 4.2

•



Q- matrices ( infinitesimal generators )

l-ets-F.in#aQ=qiji.j=aQ- matrix
if Q satisfies the following conditions :

(a) 0£ - qii <
• for all i qi :=j¥. qij

(b) qij 20
for all i=j then qii=

-

qi
(c) Iqij =o for all i

j
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Matrixexponentials
Let Q=(qij )Yj= , be a matrix

. Then the series

Iz Q
"

converges componentwise ,
and we denote

1<=0 IT!

• QK
its sum ⇐ i. = :eQ ,

the matrix exponential of Q .

In particular , we can define É°=ÉQt for teo
.

12=0
,

a

Ibm .
Define Plt )=et☐ .

Then

lil Pltts ) =P /f) Pls ) for au s , + so
¥ Q=Q -2T¥

kook !

Lii ) (PAH is the unique solution to the equations-1>-0

/ ¥tPH)=PH1Q , and /⇐ Plt )=QPH )
/ Plo ) = I L Plo )= I



Matrixexponentials
Properties are easy to remember→

scalar exponential

( i ) eats)Q=etQeQ=eQetQ ( efts
)✗
= ettesd )

(note that in general AB =/ BA for matrices A.B)

(ii ) etQ=Qet☐ = etQQ ( ⇐e'= ✗e
"

)
e°

'

= I (0--1)
Example?

(a) Q
,=/ I f) ,

Qi =/ I ;) ⇒ et
'

= I + at +0¥. . =/ft)

(b) Qz=( E.)
,

etQ:(
e
"'t

o

o edit)



Matrixenponentials
Results on the previous slide hold for any

matrix Q
.

Thm_
.

Matrix Q is a Q - matrix

iff Pit )=et☐ is a stochastic matrix t

I Pijlt ) = 1 for all i and to

j

Remarks_ The semigroup property gives entry wise
.
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Maintheorem

Let Plt ) be a matrix - valued function Teo .

Consider the following properties
(a) Pij A) 20 , F. Pig

. -41=1 for all i. j ,
too

(b) Plo)=I

(c) Pftts )=P(f) Pls ) for all tis > o

(d) lim Plt )= I ( continuous at o )
tto

Theorem-A.PH ) satisfies (a) - (d)

if and only if

Plt)=etQ for some Q -matrix Q



Maintheorempemarks

This theorem establishes one - to - one

correspondence between matrices Plt ) satisfying
(a) - (d) and the Q- matrices of the same

dimension .

Remark.si
.
Conditions (a) - (d) imply that Plt) is

differentiable

2
.
If Plt )=etQ

,
then Pch)=I+Qh -101h ) as h→ 0

PM)=I+Qh+zQ
"
h
"

1<>-2 ¥-0 ( h)



Q-matricesandmarkovchainsl-etfxttz.bea continuous time MC
, ✗+ c- 1011

,
- - IN }

with right - continuous sample paths
Denote Pijlt )=P(Xt=jlXo=i ) , i.jc-ho.li . - in }

stationaryThen

• Pijltlzo , jÉPi,-11-1--1 f- ÉPlXt=jlXo=i ) )j=o

• Pijlo)=8ij ( P(Xo=jlXo=i)={
' ' 5- i
0

, j=i /
⇐> PCO)=I

• Pijltts)=P(Xt+s=jlXo=i ) =
IN Pkjlslpiklt )

N 1<=0

= ¥oP(Xtts=jlXo=i,Xt=k)P(Xt=k1Xo=i )
if• limPlXn=j1Xo=i)=8ij
=

Pch )→I,h→o
hto



Q-matricesandmarkovchains-ccont.JP/t) satisfies properties (a) - (d) from Theorem A.

⇒ there is a Q - matrix Q such that

Plt)= et° Pij ( h ) = gijh + och )i=j
In particular ,

Pii Ch ) = It qiihtolh )

Pfh) = I + Qh + och ) as h→o

This implies the one - to - one correspondence
between Q - matrices and continuous time MC

with right - continuous sample paths .

Q is called the infinitesimal generator of ( ✗e) too



lnfinitesimaldescriptionotcont.timemcl-etQ-cqijli.fi
,
be a Q - matrix

,
let (✗ e) to be

right - continuous stochastic process , ✗+ c- {oil , . - - - , N } .

We call (Xt ) tzo a Markov chain with generator Q ,
if

( it (Xt)to satisfies the Markov property

Iii ) P(Xt+h=jlXt=i ) = { 9iiht.ch/ii--I as f. → o
I + qiih c- 01h )

, i=j

Exampte
The corresponding Q - matrix

Pure death process

01000
-
- -

f
• Pi

,
i- i ( h) = Nih + 01h ) I µ , -9.0

- - -

① =L 0 µz
-

µ , 0 - - -

• Pii ( h) = 1-Nih -101h )
-

.

.?
-

-

-

-

-

-

ein -µ• Pij (h) = 01h) for j¢{ i- i , i } µ



sojourntimedescript.in/-etQ--Cqij)i.Y=obe a Q -matrix
.

Denote qi= Iqijj=i
-90 901 9oz

-
- -

y
90=-29"

so that no

Q =/ 910 -91 qiz
-
- - .

;

920 921 -92
- - -

: : i

Denote YK :=Xwk ( jump chain) .

Then the MC with generator matrix Q has the following
equivalent jump and hold description
• sojourn times 5k are independent r.v.

with P / Sk > t I YK =i)=é9it ( Sk - Exp Cgi ) )
• transition probabilities PIYKH --j1Yk=i)= §


