
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 5: 

homework 4 (due Friday, April 29)

regrades for HW 3 active until April 30, 11PM

Today: Renewal processes

Next: PK 7.2-7.3, Durrett 3.1

:



Renewalproeess.Definitiondef.LT{Xi }i≥ , be i. i. d. r.us
,
Xi > 0

.

Denote Wn := ✗ it - - - t ✗n
,
n ≥ 1

,

and Wo : = 0
.

We call the counting process

the renewal process .

Rema
.

1) Wn are called the waiting / renewall times

✗ i are called the inter renewal times

2) Nlt ) is characterised by the distribution of ✗ i > 0

3) More generally ,
we can define for ◦≤ a < b < or

N( ( aib]) = # { K : a < Wk ≤ b}
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Remarks 1) (*) implies that (Nlt) )t≥o is determined

by (Wk)k≥o
,
so sometimes (wk)k ≥ , is called renewal process

2) For any t ,
Wnit) ≤ t < Wnit) * I



convolutionsofc.d.FI

Suppose that X and Y are independent r.us

F : IR→ [ 0117 is the c. d.f. of ✗ ( i. e. P / ✗ ≤ t ) = FAD
.

G : IR → [oil ] is the c. d. f. of Y

• if Y is discrete
,
then

F×+y It )=P( ✗ + Y≤ t ) =

=

=

• if y is continuous ,
then

Fxty (t) =P / ✗ + y≤ t ) =



Distributconofwk
Let Xi

,
Xz

. _
. .
be i. i.d. r.us

,
Xi > 0

,
and let F : IR→ [ 0,1 ]

be the c. d.f. of Xi ( we call F the interoccurrence or

inter renewal distribution ) . Then

• F. It ) :=Fw , A) =P / Wi ≤ t ) =P / Xi ≤ t ) = Flt )

• Fz :(t) : -_ Fwz (t) = Fx ,+×z It )
=

•

Fs /t) := Fw} A) =

• More generally ,

Fnlt ) :=Fwn It)=P( Wn ≤ t ) =

t

Remarks : 5-
*""'

(f) =/ f-
*

Tt -x)dF(a) = IF /t - x )dF*n(x)
O O



Renewalfunction

Det
.

Let (Nlt) )t≥o be a renewal process with interneneural

distribution F. We call

the renewal function
.

Proposition 1
. Mlt ) =

Prost .

Mlt ) = E- ( Nlt ) ) =

=

=



Relatedquantities
Let Nlt) be a renewal process .

Et Tt 9-
. _ .

i Pt lf . . . .

÷!
,

,

I ,
I

← i : i
t '

I

NH+
Det

.

We call

• ft :=WN # 1+1
- t the excess for residual ) lifetime

• it := t - Wnit , the current life for age )

• Pt :
-

- rttrt the total life

Rema 1)

2)



Expectation

Propositions . Let Nlt) be a renewal process with interrenewal

times X .
.
Xz

. .
. .
and renewal times (Wn )n ≥ , . Then

E( Wnit )+ , ) = E(✗ 1) EIN A) + 1)
=

µ ( Mlt )
+ 1)

where µ=E(✗ 1)

.pro#.E(WNiH+i)-E(Xzt---+XNlt)i-
1) =

=



Expectation
Nlt)+ I

E / -2 Xj ) =
5- 2

=

Since Nlt) ≥j - I ⇔ Wj _ , ≤ t ⇔ × ,
+ ✗at -- - + Xj - , ≤ t

=

=

=

•

Remarks For proof in PK take / = I
{net)=i } .

i= I



Renewalequation

Proposition} . Let (Nlt))t≥o be a renewal process with

inter renewal distribution F. Then MAKE / NCH)

satisfies

Prost
.

We showed in Proposition 1 that
O

M = 2- F*n
h= I

_

Then M*F=


