MATH180C: Introduction to
Stochastic Processes Il

Today: Asymptotic behavior of
renewal processes

Next: PK 7.5, Durrett 3.1, 3.3

Week 6:
» homework 5 (due Friday, May 6)

» regrades for Midterm 1 and HW4 active until May 7, 11PM



AsujMP+ko(c behoviot of renewal proceses

Lel NHE) be o renewal process with inteerenewal.

Times  X¢,  Xie (0,%) .
Thw

P(‘ao-(-' N (£) s novxclecrecxs'mj tharefore
Nuw s the total wamber of evenks ever L\&Pfevuul.

Thmwm (Poih“'N(S-& renewal thm)



Ele_me,n‘\'mru! Renewal Theorem
Th | MIBO=EMNE) and E(X)=p  the

Proct  (Only for bounded Xi: 3 K st P<><.s\q.-‘>

First nhole that
[(n lecture 1l wWe showed —thot
So M (¢) =

M (¥)

ML)
o °
| XL ¢ I | thau



Asymptotic distribution of N({*)

Thm Let NK) be o renewal peocess ot
E(X\\=/u ond  Var (X.)=§* then
D)

2)

NO PPOO'('



Elemuﬁcmr\j renewal Theoremn and continuous Xi's

Two more results (without Proo{s) about The Zl'm{{(nj
behoviowr of M (t) dor models with continueus
(intercenewal {imes.

Thw  Let E(X\\"/* ond (et mlJv\:c%_M(ﬂ be the

=2 ne wo l dQV\S("\T‘J, Then

. _HQ | ' \ ‘
Remarle EA_V:\& _—{_-=oL does not W\P(‘] " SQV\.ero.L ﬁ(rﬂ—}‘((—)=d

(E.oj.‘ take FH)=1+sinlt) 5
M (£ Oke!cil%\'oho\\\u) \/&F(X\)?—Gl\ thew




Exomple: Xi~ Gacmmo (2,1)

Llet N{) be o renewal process with  (nterrenzwal times

K< h&UiMj Fammo. distribation with parameters (2,1)

(e, ‘Fx\(-k)= L€', Then Ffrom +the ProPer{\‘es of

the Gommo.  distribution (oc from direct ccmPut’mﬁoms)
Kot 1 Xy ~ Goomma (20 ) | so

-F*n(‘t) -

WNe can chFu’D. the renewol dgv\sijc\)
m (&) =

so that M(£)=
Finally, E(G)=p= | Vae(k)=6"< | so SR

2 p*



Joint distribution of age ond excess Lfe

From the definition of i and & YRR (O

NN,

P( &2x yeoy) (xet) [

e Portition wret the values of N(E) L '.
Wy t W)

condition on the value of We (c.cH:. of W is F“((—)

)l



L(m{‘timq distreibution of oge ond excess Lfe
J 3

Assume that Xi are continuous  Then
P( Oy 2%, ij):

fl

Recall that £(S)==M(s§—7‘3-—> O as g3 » (ﬁ:E(X.)\_"ﬂ\en

Lim P( S{ZX‘K.E)j) =

£ 3=

jH



Joint] imiting  distcibution of (e, 8c)
Thm et BE) be the c.d.f. of the infermenecsal times. Then

N s

(= P( Yoy Beyx) = \—F({:HjB %

(1= Flery ) dE )

1 Fleey) (0 Flesy-a)) M)

S

~ T

(b) \‘\" udc\\"ciomtt‘; 'UI\Q ih‘\'ﬁﬂ‘zheo\)Q( HM—@S ofe c_o\rﬂ"fvvutwtsl

Lim P(Yeoy Feox) = /{}" (- Flo)) doo (%)

tFeo :xivj

I we dengte bkj (Ka,gw\CL Po.ir of rus with digterbution (*)

Lhaw X.o ond §w ore continuous r.vs with densiiies

{ye ) = T () -



Example

Renewoa process (c.oumt\’hj earth 7“0”‘&3 (n California)  has

(nderrenewal times unhco(m\sj distrdbuted on [o,10 (Uears),

() What s +the lovxtj—rum Frobo.b(\i‘hj that an eq(th7uqu
Wl WiF Colifornia within 6 W\omﬂns?

b) What iy the [00\7—(\&0\ Probub(\ﬂj that it has been
at moyt € months since Hhy (oot cqrﬂajum\uﬂ.



Key renewal Ttheotem

Su,ﬂoo.sa H(‘c) IS an unkhown '(:\LV\C'HOV\ 'HI\O\'\' SQ‘U&‘HQS
RE) = b))+ ReFH) ©)

L cenewol eTAo\{:\'ov\
E.cjn. M (£)= F(£)+ MxF (53‘
M (E) = L)+ me Fe) =) my £ ()
Remarle about notation L
+ Convolution with c.dd.: gxFlk)= iﬁ(t-x\cﬂ:h\
« Corvolufion with e.“‘_g a*_(:({_\__‘-cﬁ(g-xyy_(i\di

Det | Function h is called loctx% bounded {f
Def. Function h s &bSolub.\us ihkc‘jrab\e W§




Key renewal “theorem

Thwm J( \-Le\j Ce newao 'U/\aorew\) Let [ be \ocod\\j bounded .
(00 H: p( SQ‘US‘HtS than H \S (oco\“j bounded

ond

(6) Conversely if K is a locally  bounded  solution to (),

% convolution in the 1
i [ Riemonn — SHQH-\'\{_S sense

@ f Wi a\sso\uh\\j integro.ble \‘UI\-Q_\/\

No EFOD{-_
Remark \Le_uj renewal theorem Says that f h is

\000\\5»&3 bouwnded thea theee exists a waiTua locql\\J bownded

Soluton to (%) %\\IQV\ b\} (%)



E)(&m P\QS

« Renewad function : MU:\ satishes

onq

F&) is honéecreasinj (30 () does ot apply 4o
Y renewal equation for M)

e Ronewal dQV\S(\{:‘jE m (£) wotis fes
ond

Qn the R\'emomn"S‘HeHjaS Sfe_V\SC>

-F (S Q‘DSOL\A*QH \\v\'\'iﬁ(‘ogb(-Ql ¢ d0O



| Por’c ond cemarl

Let W=(W, ,Wz,...) be arrival times of o renewal process,,
and denote WE (\I\.)|’|WL,|--~ ) L th
Wi = Wi Wiz Xat Xab =+ Xie ,
shifted acrival times.
Then:



Example
EX&mple' Com '
2} ° h‘
pu ’E*_V;’; E(]{t\_ Take H(E)= E(W)
f X, ¢t condition on X, =s

£ Xivt, then :
E[}{t\= |
E (\6t /‘“X\éf )’-’

—

(/)

(



Exmmp\a (Con‘k3
Assume that E(X\)‘*}*\ Noe (X)=6*

E((Ximt) A 5¢) =

—
—_

Qince we assume that E(X(\=G7‘l

ond
Ffﬂa\\«]. we hove thak
R (&) =

there fore ()= W)+« hx M (+)
with  W¥) =



Exomple (cont) x

‘h Y)arf (‘(.M\CL(' .

0 o0

[ §(O-Fe)dedt =

° ¢t

=) bj ‘Duf‘% (<) of the u.e‘-j reewod theorem

Lim E(Xt\)‘—‘
£ o
S(mllar\j Lion E(St\-z‘ ) LUw E(g:ﬂu

£ Eaw



Exoump\e,
What s 1he e_x?ec’(eci time +o the next ecxr'd/\ﬂ\m\ée

2

For X~ Unif [0.)

n the \onj cun

thave fore,  Linn E(Xt\ =
toe

And  th lovxj cuwin exPec’(aé time between two

consecutve <o rﬂ/\ci\xou oS 1%



