
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 1:

visit course web site
homework 0 (due Friday April 1)
join Piazza

Today: Introduction. Birth processes

Next: PK 6.2-6.3

:



stochasticcrandomlprocessesdef.tt(R ,
I

,
P ) be a probability space .

stochastic process is a collection ( Xt : te T )
of random variables ✗ t :D → SCIR ( all defined on the

same probability space)

• often t represents time ,
but can be I - D space

• T is called the index set
,
5 is called the state space

• ✗ :D✗1-→ S ( ✗ + (w) es )
• for any fixed w

,
we get a realization of all

sample path
random variables (✗ + (w) : te T ) ← trajectory

✗
• (w) : T → s

• stochastic process is a random function



stochasticprocesses.classificat.IQrestions :

• What is T . What is S

• Relations between Xt
,
and ✗ta fort , # tz ?

• Properties of the Trajectory

Discrete time continuous time

F- ☒
,
Z

,
finite set F- R

,
[ 0 ,

+ a)
,
[Oil ]

Î
random vector

Real - value d Integer - valued Nonnégative . . .

5=112 5=2 Se f0 ,
+ a)

Continuous
, right -continuous (cadlag ) sample path



Examplesofstochasticprocesses

• Gaussian processes : for any tel, ✗+
has normal distrib

.

• Stationary processes
: distribution doesn't change in time

• Processes with stationary and independent incréments ( Levy )

• Poisson process
: incréments are Independent and Poisson C.)

• Markov processes :
" distribution in the future depends only

on the Current state , but does not depend on the past
"

①
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'

②
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Examplesofstochasticprocesses.Martingales.EU/n+iIXn
,
. . _

,
✗ i. Xo] = ✗n (

"

Fair game
"

)

• Brown Ian motion (Wiener process ) is a continuous - time st . proc .

Gaussian
, martingale , has Stationary and

independent incréments ,
Markov

,
Var [We ] = t

covfwt.ws ] = min {sit }
,
its sample path is

euerywhere continuous and now
here différentiable

• diffusion processes ( stochastic µ#differential equations )

⑥
. _

- <



Continuous time MC



continuoustimemarkovchainsdef-CDiscrete-ti.meMarkov chain )

Let (✗ n)n> o be a discrete time stochastic process faking
values in 2-

+
= { 0 , 1,2 , . . . } (for Convenience )

.
(Xn)ns.oiscalled

Markov chain if for any ne and i. ii.
, _ .

_

,
in- i

,
i. je 2-

+

P /Xntij IX. = iv. Xiii , _ . - , ✗ n- i -- in- i. ✗ni )=P(Xntrj / ✗ n -_ i )

Dej ( Continuous -time Markov chain )

Let (✗+ It > ☐
= (Xt :O Et < • ) be a continuous time process

faking values in Zi. . (Xt) t > o is called Markov chain if

for any ne #
,
Otto < tic - i - < tn- i < s ,

t > 0
,

l'
o

,
i
, , _ _

,
in- i

.
i. je 2-+

(*)
LP / ✗sit -_ j / ✗t.io

,
- - -

,
✗ tn- i = in - i. ✗si ] = [Xstt -- j / ✗si]



Poisson process

II. A Poisson process of Intensity ( rate) d > o is

an Integer - value d stochastic process (✗e) t> o for which

i) for each time points to -_ oct ,
< - - - < tn

,
the process

incréments Xt
,

- ✗ to
.
✗ ta - Xt , ,

. .
-

,
✗ tn - ✗ tn- i

are independent random variables

2) for Sao and t > o
,
the random variable ✗sit - Xs has

the Poisson distribution P[ Xtts - Xs = k ] = CËÎÈ" ,

1<=0,1 . . _ .

3) ✗☐

= 0

✗t 3 • o

2 • O

I • O

O P I I I t



Exampleipoissonprocessasluc

Is Poisson process a continuous time MC ?

Poisson process :

✓ continuous time

V Discrete state

V (* )

Let (✗e)+so be a Poisson process , Iet i. a- i. ± - - - ein
. ,
± icj

P( ✗ s+t=j / ✗+• = .io ,
✗ t , = ii. - - - ,

✗
tn. ,

= in
- i ,

✗ s = i )
=

[ Xt . = io ,

✗ti - Xt . -- i , - io
, .

. . ,
✗ s - ✗tn- i = i - in - i . Xt -is - Xs -- j - i )

p[ ✗to-io.lt , - Xt . -- i , - io , .
. . ,
Xs - Xtm ,

= i - in
- il

=

l-PIXti-s-Xs-j-ij-PIXs-ilti-s-Xs-j-iJP-lxtts-jlxs-iJ-p-s.is =P /Xtts - ✗ s'- j - i ]



Transitionprobabilityfunctiononewayofdescrib.in
y a continuous time MC is by

using the transition probability functions
.

Det
.

1-et (✗ +)t > o be a MC
.
We call

/ ✗ + + s
-

_ j I Xs = i ] i. je { 0,1 , _ _ . } ,
s > 0 ,
t > o

the transition probability function for (✗e) tao .

1f P /✗ s+t=j IX. = i ) does not dépendons , we soy

that ( ✗e)to has stationary transition probabilités and
we define Pij ( t) :=P / ✗si-t-jlxs-iJ-l.PH/t=jlXo=i ]

[ compare with n - step transition probabilités ]


