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Martingales

Definition . A stochastic process (Xn .
n ≥ o ) is a

martingale if for n = 0.1
, _ . .

(a) Et / Xn 1) < - Un

(b) Et ✗nul ✗◦ ,
Xi

.
. _

,
✗ n ) = ✗n

After faking the expectation of both sites of ( b )
we get that

E (Xnti ) = E ( Xn )

(Xn)
n ≥ .

is a martingale ⇒ E- (Xn ) = E (X . ) un

• submartingale : E ( ✗nu / Xo . .
-
e
,
✗n ) ≥ ✗ n ( increase )

• supermartingale : E ( Xnt , / Xo
,
. .

.

.

✗n ) ≤ ✗ n (decreases)



Examplesofmartingale.li) Let X
, ,
Xz

,
_
. _ be independent RV 's with E (Hkl )

"

and E ( Xx) - O . Define Sn=X ,
+ - - - +Xn

,
50--0

.

Then E / 5mi / So ,
_ . . .sn )=E( Snt ✗nuls ,

. .
. .sn )

= E( Sn / So , . . . , Sn ) + E (Xnti | Soi . - - , Sn )

= Snt E( ✗nn ) = Sn tn

⇒ ( Sn )n ≥ , is a martingale with Eon ) -- Elso ) - o

(Ii) Let ✗
i. Xz . . . . be Independent RV with Xx > O

,
E (1×14)<0

and E (Xx) =L . Define Mn = X , X2 - - - Xin
,
Mo =L

.

Then E ( MNH I Mo
,
- -

-

,
Mn ) - E ( Mn - Xnti / Moi . . . , Mn )

= Mn E( Xnti / Moi . . .
Mn ) = Mn - E /Xnti ) = Mn

⇒ ( Mn)n ≥ . is a martingale with Elten ) - E /Mo) =\



Examplestockpricesinaperfe-tmar.TL
et ✗ n be the closing price at the end of day in

of a certain public /y traded security such as a Share or
stock . Many scholars be lieve that in a perfect
market these price sequences

should be martingales .

( see PK page
73 for more details )

.



Historyandgambling
Let (Xn ) n ≥ o be a stochastic process describing your
total winnings in in games with unit stake

.

Think of ✗n - ✗ n- i as your net winnings per unit

Stake in game n
,
n ≥ I

,
in a Series of games , played

at times n = 1,2 ,
_ . -

.

In the martingale case

E ( ✗n - ✗ n - i / Xo
, -
- -

,
✗ n- 1) = E (✗ n / ✗ a - -

,
✗ n - i ) - E ( ✗ n- i Ha . -✗ n - i )

= E (✗ n I Xo , _ .
.

.
✗n - i ) - Xn-1=0 (fair game )

Some early works of martingales was motiva ted by

gambling . Note that there exists a betting strategos
called the

"

martingale System
"
← doubling bets after losses



r

S-basiprperti.es
Let ( Xn) n≥◦ be a martingale .

m > n

• E (Xml ✗ ◦ , . . . . Xn ) = Xn

Prod ✗n = E ( ✗nu / ✗a - -

,
Xn )

✗nti = E ( Xntz t ✗ ◦ , _ _ ,
✗hti )

✗n = E (✗ nt , / Xo . . - , ✗n ) = E ( E ( ✗ ntz / ✗ oi . _ ,
Xnti ) / ✗oi . . . . ✗n )

= E ( ✗ntz / ✗ oi . _ ,
✗ n )

Excise : E. ( E ( ✗ IY , 7) IZ) = E (✗ IZ ) (show for discretenu .)

• Markov Inequality : 1f Xn ≥ o Un
,
then for any

d> o

PC Xn ≥ d) ≤ E =

EI)
d

⇒ For all n P ( ✗n ≥ d) ≤ EH
✗



Maximalinequalityfornonegativemartingthm.LT(Xn)n≥ o be a martingale with nonnégative values .

For any X> o and me ☒

PC max Xn ≥ d) ≤ EÇY) ( i )
◦≤ n ≤ m

and (2)
PC maxxn ≥ x ) ≤ EI)

n ≥ o d

Pr¥ Ne prove ( l)
,
(2) follows by faking the limit mio.

Take the vector ( Xo , Xi , - - ,
✗m) and partition the

sample space Wrt the index of the first r.v . rising aboved

| =
✗◦ ≥ ✗

+
✗◦ < ✗ ,

× , ≥ ✗
+ - - - t

✗◦ ci , .- ,
✗ m- i < ✗ ,

✗m'
- d

+
✗◦ < d ,

_. .
✗ nid

Compute E /Xml = E ( ✗m - l ) using the above partition



Proofofthemaximalinequality
m

7,0

E- (Xm ) = [ E (✗m ✗
◦
< i. . ..

.
xn. . < i. xn ≥ ,) ) + E ( ✗m ✗ ◦ < × , _ . . .

✗mai)
h = D

m

≥ [ E (✗m ✗
◦
< i. . _.

.
xn. . <d. Xn ≥a)

h =D

Compute E ( Xm ✗◦ < i. . . . . ✗n . , < i.✗n ≥ ,) by condition ing on

✗ O
,
X , ,

- - -

,
✗ n - i , ✗n

:

E- (✗m ✗◦ < i. . . . . ✗ni < d. ✗n ≥ d)
=

=

=

Sum for all n

E (Xm) ≥


