MATH180C: Introduction to
Stochastic Processes Il

Today: Martingales
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Martingales
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Exoamples of martingales
(1) Let X Ko be independent RV's with £(IXu() <
and  E (Xe)=o. Define S =X+--+Xn , S.= O.
Then E( S |Sery Sn )= E(Sn* Kary 1 Seyey Sn)
= E(Sn|Se,r, Sn) * € (Xan \So,.--\ h)
- Sn-\-E.(XhH): Sn n
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() Let Xi, Xp,... be independent RN with Xuz2o, E (1Xe[)eo
ond  E(X)=1. Define Mn=X Xz Xn, M,z 1.
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EXQmP(e

Stock prices in o perfect market

Let Xn be the closing price ot {he end of day n
of o certaun Pub\ic(j traded secuwﬁzj such as a dhare of
ytock . Mou\kj scholars  belleve that (n o perfect
macrket these Pr(ce sequences should be martingales.

(See PK poge F3 for more dz‘\'a.\‘l.sy
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Let O(n)nzo be o stochastic process étscr(b\'nj your

total N\'nm'V\js in N games with wnit stake.

Think  of  Xn- Xn as our net winnings pec antt

Stalke W game N, N2l n o series of games ployed

at times n=1,2,...,

ln the martingale case

E (%o Knor [ Koy, ¥net Y= E (Ko [ Ko Xiney ) = ECKiner VKoo X

= E(Xa \Xo(-.-,Xn-l)-)(h_\ =0 (-Fm‘r jume>

Some QoJ'Lj works of mar%(nques woe motivated {’j
Souv\bl;l/\j. Neote that fhere exists o be&(nj si’roﬁcejj
called e 'mad,"qu(e sjg’cew\"e doubLtvxg bets after losses



Some basic properties
) 1

Let (Xn)mo be a mar{(njde.

m > n

o B (K [ Kope X ) = Koy
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Xn = E (Kary | Kovoy Xn Y= E{ € (Knea | Korm ) Kner) | Koy, X
= E ( Xes2 | Xor-, Kh)
Execcise : E(E(XINE)VZ) = E(X1Z ) (shoo for discecke )
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Thm Let (Xn)nzo be o ma("thQle with nonnegative volues.
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Compute E(Xm)=> E(Xm:1)  using the abeve parhition
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