MATH180C: Introduction to
Stochastic Processes Il

Today: Brownian motion

Next: PK 8.1-8.2

Week 9:
» homework 7 (due Friday, May 27)

» HWS6 regrades are active on Gradescope until May 28, 11 PM



B\"Qvoh\.OLV\ W\O't ;Oh. H(s‘toru‘

e Critical observation

: Robert BPrown (1827-), bo‘to_hl's‘t,

movement of Fo(leh ar‘o.(ns n water
+ Firsd (1) mathematical omolxjs\‘s of Brownian motion :

Lowis  Bochelier (j200) hr\ode(iv\j stock  mar leet
L (uctuations

« Brownian Motion |n Phjs\'cs : Albert Elnstein (1905) ond
Maricn Smoluchowsk, (1902), exP(q(nqel the
P\nu\ow\avxov\ observed bj Brown

- Fuest rijorous constraction of mdathematical Browsnaan
motion: Nerbect Wiener (1‘32‘5)

Brownian maetion = Wienec prowss

n mothematics



Brownian motion. Motivation

o almost all ih+erest(nj closses of stochastic plocasses
contain Brownian motion @ BM (¢ a
~ mur{(mﬁa(e
- Markov process
- Gaumssion Process
- Lé\u) procass ((nAQFemlen-( s+q+\‘omrj in«eme:ak)
o BM allows explhiat caleulations , which ore (mpossible for
More 3rzm,mk objzc’rs
e BM can be used as o bui ld(nj block. {oc Slher processes
e BM  has Moy beoutifel mathemoatical Ff‘oearh‘a)



Brownian motion - Definition

Def . Brownian motion with diffusion coefficlent €% s

o continweus time stochastic process (Bt)t?_o

SQ‘HS’G‘}\'V\j

(i) B(o)=0 | B) & confinuous as a funchion of t

(i) For ol 0¢Sct ¢ oo Bt)-BE) s a Gaussian r.v-
with mean 0 and voriance & (t-s)

(i) The ncrements ore (ndepqnden‘f: i osts ¢t - <ty

then  { B Y- V)(’Cf—‘)ﬁ&‘ oce independent (Gaussian) r-v.

L

S =\ &« standacd BM



BPM os & continwous time continuows Spoce Mor kou procass

Recall: contimuows time  discrete space. MC (X;C\U_c IS

chorocterized bj the dransition Pco‘oQbe\ﬁ Lonction
Pi(6) = P( Kau=j IXs=0)
((Xb>ﬁ20 hQ_S S'l'CCtiOIno\r‘J ‘{'PQHSL{T"OV\ Prob&b\\t“‘j "(:U.V\C‘L\'O"\SB

I chr{‘\‘Cu‘u(“ P X6 A [ X = () = Z PLJ (£)
\)EA
ln the Ccontivuaous state space case the tronsition

Probub;{;"ies e dZSCFt‘chl bj tL\Q_ —tr(thl-t'l‘DV\ Q(ensi%j
(1) Pt (I\\j\Zo . g Ft (I‘j): | foc all x, t

(‘t\ P(Xue Al Xg=x) = th(I‘j\Aj +for any xeR AciR
B T C‘ehs'\’(\J ot Xs*—t 5'\\!@\ Xs"'j‘



BPM os & continwous time conmtinuowy spoce Mot kou procass

PPO!DO'E(JL{oh. Let (Bt\tv_o e o Standard R M,
Then (Bt3t30 is o Markoy procass with tronsition

dehs(fj 1 (_1_-1)1
F’C (I‘j) ﬂzu il

lnformal pr\unqtfovxf lhde{)ehdeh{' qutfonarj (ncrements
iW\P\j that (Bt\)t?_o 1¢ Markou with stu’c\'ov\o.ruj trans(tion
density. Given Bg=x, Bgy = Bs+ Bo-Bs ~ N(I.J:)
uinformation before time 5 (s (rrelevant .

P(RBae 2 uwlBy=x) = P(Boe (Bop-Bs) ¢u [ Bs=x)

AR
:P(-)C'('(E)S,H: -%53_4&\ :S\(m Q CL:S




BM as & continous time conwtinuows Spoce Moot kou procss

Let €, efec-ctieo | (ai,bl)cR  Then
P[ Bhé (an\\‘P‘){z ¢ (q,_‘b,_\\ =

L f P( Bk\ € (Q(|ID\)‘ %€7 G(Qz\L’LB \ Btl=1\> Ft‘ 10\:(\) Cbll

bt
I f P ( Byela., ‘oz) \%t‘11|> Pt (0.2,) dx,

&K\

T ,( (Pfl (0.1‘)\>t1—t\(3(.|3(13 &1\47(7_

CQ‘IL\)X(Qz|bZ)
More ye herodbj |
P( Bt|e (@ b)), Be (@, be),.. Bt, € (xn, b“)\)

( :‘;) S---g P‘;\ gOI m\\ Pt?'_'h\ (1\"XL>”- Pth"th-\ ("x'h'\\xkb Cl):\ T éxn
G, b)R->-x(an,bn



Diffusion ec‘U\C\HOV\ Teansition sem(csrou.P. Generotor

Let (Xt)tzo be o Markoy process,
Suppose we want to kwow how the distelbution of X

evolves n time

ECF e | X ’13 :_i f(4) Pe ("~‘j)clj T Ptc\i ()

We call (‘P’c}tz.:. the transittion Sem(arou.\) [Pyt feo= B (Pe -quyl
Pro?os(JciQV\ Let (Po)is, be the £ransition Semigroup of BM
Then (1) ‘(:K{|lih-§(h\'{25(muL je_herq‘tor“o-( Pl s 3'Neh bj
O f(x) = & &6
. . . or. 1
(i) clenS\hj Pt sactisfies % Pe (7“‘1) =%2—x, F*(X“J) [K bo.c,\Lwa.rc\-S

: - ek
(Cii\ée_vxsﬂfj P,c S&t‘lS'("\QS ’:D;-k (7e (’Ko]) = éé‘gz Pe (ij) [ Lorward])
T diffasion gc‘uoi\'oh



BM as o Gaussion peocess

Def . Stochastic process (Ae)eso 1s called o Gaussian procss
o Lor any Oct,ct, ¢---¢tn
(Xe, o, Xen) is o Sowssian vecior | or eTu(\n»leij
for any G CnelR
1$ oo Gawssion (V.
Recall thai the distribution of o Gowussion vector is

u\\r\'\jue((j defined (07 ts meoin and covoriance mateix.

S(M-\\Qdkj, E’_Qc(l\ G&USS“QV\ P(‘Ocess (S un\'ﬁuel\j d{jcr[bed bj
P(():E(Xe) ond r<S {\ Co\;(XS X{:)70

L covariance —Fumd:toh



BM as o Gaumssion process

Proposition BM s o Goussian process wrth

and

Proo{'_ For any Oct e tas - ¢ £, | Bt)'—Btj-\ are inAeF.
Gaussian, thuy
Z Ci By;=

, (=
\S qd&o GMSSIQV\'

P"Dj definition . Lebt s<dt

Tkeh r(slf\:

—
—-—
=

—
—



Some properties ot BM
Propos(“.ioh. Let (Be)ao be oo standard B M. Then

() For any s>0 , the process s oo BM
\r\dependevﬁc of (Buw, 0gass) .

(i) The process s o BM

(i) For any c>o  the process is o BM

(i\l\ The Froc:ass (XQQO de{ined bj for t39
s o BM.

Proof (1) Define X = Bias- By, Then
= indepandent Gawssian increments,
(X)gs, has conmtinuous paths =>
(W) Xe is Gowussian, for sct

P(‘o:;g- ot Um}t*—o is wore fechnical, thws OM'\JT&Q&.



