MATH180C: Introduction to
Stochastic Processes Il

Today: Brownian motion

Next: PK 8.1-8.2

Week 9:
» homework 7 (due Friday, May 27)

» HWS6 regrades are active on Gradescope until May 28, 11 PM



B\"Qvoh\.OLV\ W\O't ;Oh. H(s‘toru‘

e Critical observation

: Robert BPrown (1827-), bo‘to_hl's‘t,

movement of Fo(leh ar‘o.(ns n water
+ Firsd (1) mathematical omolxjs\‘s of Brownian motion :

Lowis  Bochelier (j200) hr\ode(iv\j stock  mar leet
L (uctuations

« Brownian Motion |n Phjs\'cs : Albert Elnstein (1905) ond
Maricn Smoluchowsk, (1902), exP(q(nqel the
P\nu\ow\avxov\ observed bj Brown

- Fuest rijorous constraction of mdathematical Browsnaan
motion: Nerbect Wiener (1‘32‘5)

Brownian maetion = Wienec prowss

n mothematics



Brownian motion. Motivation

o almost all ih+erest(nj closses of stochastic plocasses
contain Brownian motion @ BM (¢ a
~ mur{(mﬁa(e
- Markov process
- Gaumssion Process
- Lé\u) procass ((nAQFemlen-( s+q+\‘omrj in«eme:ak)
o BM allows explhiat caleulations , which ore (mpossible for
More 3rzm,mk objzc’rs
e BM can be used as o bui ld(nj block. {oc Slher processes
e BM  has Moy beoutifel mathemoatical Ff‘oearh‘a)



Brownian motion - Definition

Def . Brownian motion with diffusion coefficlent €% s
o continmeus time  stochastic process (Bt)tzo
SQ%(S'H(V\j

(i)

(i)

(it

L

S =\ & standacd BM



BPM os & continwous time continuows Spoce Mor kou procass

Recall: contimmous time discrete spae. MC (Xk,\t?_c 'S

choracterized by the dransition Pco\oabi\{lﬁ function
ch (€) =

((ijtzo hos sfu{iom\rj troansition Probubi\f\-j functions)

ln \mch(Cu\oLr‘ P( X,.eA X = i) =

I "tL\-Q COV\'E'\VUU\OU\S state quce cCde the 'tro_nSl“t\'ow
P(‘OEQ\D\“" \'QS ofe de_sc_r\‘BQA bj tl'\e_ -trQV\SI-{.-l‘DV\ c(ens\{-j

(V)

(‘t\ P(XMEA | Xg=x) = +or o.ny xelR  AcR
T C‘ehs'\{\J ot Xs*—t 5'\\!0\ Xs"'j‘



BM oS & c,oh‘clvw:.ou& ‘HMQ, C.DV\'t\'VUMO\L_) SPQQQ_ Mo kou PFOC.QSS

Propotition. Let (B.)y,, be o standard BM.

Then (Bﬁtaa s « with transitiow
dem(%j
lnformal explanation : lndePehdehf S’cqtfov\arj (ncrements

(mply that (Be)esy & Markov with sto\’c(ov\o.rj trans(tion
density. Gilven Bg=x,

Wnformation before time s (s (rrelevont .

P( BS*E £ w I B5=X\ =



BM as & continous time conwtinuows Spoce Mot kov (Pro&ss

(i b)Y R | Than

Let L et e 2k c0
P[ Bf\ € (Q‘ ‘b‘\\PD-Ez é (QL\ b’-\\ =

-
-—

More ye herodbj |
P( Bie(@ b)), Byefa,be), . Bt, € (xn, b“)\)

(@ :SS(P‘: %o'm‘\ Peroy (F120) ™ Piy gy (Xnni ) dx - dax,
(R | ReseX(on Dw



Diffusion equut(OM Teansition serm'qrou.P. Generotor

Let (Xt)tzo be o Markoy process,
SWFFOSQ we want to know how the distecbution of X

evolves (n time :

CcK
We coll (‘P’c)tz.g the transition SEW\\'jrou.P [PS,,C L e0= R(Pt -Gbn»:l
Pro?os(‘tion Let (Po)is, be the £ransition Semigroup of BM
Then (1) the tnfinitesimal T_nzrodor“o{ P s 3'Neh bj

(i) clensx"uj Pt satisties [ K bockward |

Q’,C'L\ée,vxs'\%j Pt soEisties L K forwacd)
T diffasion gquoi\'oh



BM as o Gaussion peocess

Def . Stochastic process (Ae)eso 1s called o Gaussian procss
o Lor any Oct,ct, ¢---¢tn
(Xe, o, Xen) is o Sowssian vecior | or eTu(\n»leij
for any G CnelR
1$ oo Gawssion (V.
Recall thai the distribution of o Gowussion vector is

u\\r\'\jue((j defined (07 ts meoin and covoriance mateix.

S(M-\\Qdkj, E’_Qc(l\ G&USS“QV\ P(‘Ocess (S un\'ﬁuel\j d{jcr[bed bj
P(():E(Xe) ond r<S {\ Co\;(XS X{:)70

L covariance —Fumd:toh



BM as o Gaumssion process

Proposition BM s o Goussian process wrth

and

Proo{'_ For any Oct e tas - ¢ £, | Bt)'—Btj-\ are inAeF.
Gaussian, thuy
Z Ci By;=

, (=
\S qd&o GMSSIQV\'

P"Dj definition . Lebt s<dt

Tkeh r(slf\:

—
—-—
=

—
—



Some properties ot BM
Propos(“.ioh. Let (Be)ao be oo standard B M. Then

() For any s>0 , the process s oo BM
\r\dependevﬁc of (Buw, 0gass) .

(i) The process s o BM

(i) For any c>o  the process is o BM

(i\l\ The Froc:ass (XQQO de{ined bj for t39
s o BM.

Proof (1) Define X = Bias- By, Then
= indepandent Gawssian increments,
(X)gs, has conmtinuous paths =>
(W) Xe is Gowussian, for sct

P(‘o:;g- ot Um}t*—o is wore fechnical, thws OM'\JT&Q&.



