MATH180C: Introduction to
Stochastic Processes Il

Today: Brownian motion

Next: PK 8.1-8.2

Week 9: CAPES
» homework 7 (due Friday, May 27)

» HWS6 regrades are active on Gradescope until May 28, 11 PM

» Friday May 27 office hour: AP&M 7321



Brownian motion - Definition

Def | Brownian motion with diffusion coefficient 6% s
o continwous time stochastic procass (®)se
Su’c(S'ﬁj(hj
(i) Blo)=o, B) is contimous as a function of +
(1) For all ogseteee BEY-BE) (¢ a Gaussian random

Vonable with mean 0 and varmance 8'(t-s)
(i) The increments of B ace independent « i o=toctie-- <t,
thew [ B()- E({c-\ﬁ-:‘ ose ivxéePev\Jevx’c (Gamssian) r.v.s.
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BM as o Gaussian peocess

Det . Stochastic process (Ae)ers 1o called o Gaussian prowss
W for any Oct,ct, ¢---¢tn
(Xe, o, Xen) is o Sowssian vecior | or eTu(\n»leij
for any G CnelR
C ¥t Ca Kt ren Xy 15 o Gowassian (V.
Recoll thai the distribution of o Gomussion wvector s

u\\r\ijue((j defined (07 ts meoin and covoriance mateix.
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P(():E(Xe) ond r(S {\ Co\;(XS X{:)70
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BM as o Gaumssion process

Dro(')os\"t(ov\ BM 1S o Goussian P(‘DCQSS wrt\r\

/a(ﬂ=o cnd [(5.£) = min{s, t5 = sat
t
Proo{'_ For O_V\\j 0&{,\4 tre---¢ th, Bt'—Bt- ofe {nAeF
Gaussian , thus w S
Z-C‘PJJ:_ZCL~ (Be %e\) ZZC(Bk Bt>
\S qd&o GMSS\OA{\ e J_‘ FJ
E)j definition }m({-)=E(\3t)=o . Leb set
Tkeh r($,'{:\'—_ CO\/(Bs\ B'ﬁ)

= C-O\/ ( Bs A BS +(%{—Bs>>
= Cov (Bs, %s>+ Cov (Bs B{_—%sﬁ

=5+0=5=m1h{s|£1, [



Some properties ot BM
Propos(iioh. Let (Belao be oo standard BM. Then
(\y For o-ny s>0 , the process (Bt:fs—%s\tzov Is oo BRM

\r\de\)endevﬁc of (Buw, 0gass) .
(i) The process (-Bt,tzu) s o BM
(i) For any C>o  the process (CB% tze) is o BM
(V) The process (XQQQ de{ined bj Xez0, Re= & B¢ for t3o
s o BM.
Proof (1) Define  Xi = Bias- By, Then Xo=o and X - Ke= By by,
= 'mc\e,‘mmlen‘c Souussian increments, E(hr)ﬁe\)ro\\laf()(h-ﬁt‘j=’cz-£(
(K)es, has continuous paths => (W) s o BM

(Nj Xe s Gaussion, for sct Tls.t)= Cov(sBf kBL)=siminfg =5
Proot of LmMe=0 is wore 4echnical, thus owtted. g



Construction of BM

BPM con be constructed as o Lmit of ProPeHj

cescaled condom woalks

et {%u'];‘ be o beciuehce of (dd rwvs ' E(s.)=0,
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