MATH180C: Introduction to
Stochastic Processes Il

Today: Birth and death processes.

Next: PK 6.5

Week 2:

o homework 1 (due Friday April §)

e NO IN-PERSON LeCTURE oN WEDNESDAY



The_ Vul.e, E)roce_ss

Seﬁinq :

Question ®

In o certaun FOFU\L&‘{:(OV\ each (ndividual

Au,r{r\j Ny (small) time (ntervol of lu\jﬁn h
cdi\les o birth to ohe new wndividuad With
Pr‘obub'tlithj jsh+o(h§, (néeFe_hdenH\j of other
members of the FDPU\\Q‘HOV\. All members of the
PoFulod'ion ive Horever . At time O the
_FoFuLQ‘\:l'OV\ consists of one tndividuod.

What s the distechution on the size of the
\DOPuLa‘tiov\ ot a j'u!eh time t(?.



The Yule process

Let X¢ , t20, be the sie of the FoPu\oC\T\'Oh at time t
Xo=1 (start from one common ancestor )
COM\DLA'U. Pn (‘Q‘-‘- P(Xt’h \Xo=\>
H  Xe=n |, then du.r(vvj a ‘tiv\?:%his&(‘yal ol [eng‘t& h

() P(X*+h=h+\ [ Xg=n)= n%h + o(h)

2(5) P(Xegh=n [Xg=n)= - “Fh*D(Pﬂ

(<) P(Xt+‘f\7h+\ | Xg=n)= o(h\) /o.lk A indiy. e O bicths

(‘J) P(O burths |X{=h\ = d' F:H+ 0(‘\\)“ = |—hfb\r\+o(\r\)
(@) (B) . (Y= (xgna S o pure birth procass weth rotes )\,,:n{zg

Pv\('l’) satisfies Hae sjs’t‘ewx ot diferential equa‘f'fons



The_ \/ULLQ, Proce.s.&
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The same Sjsfem with  shifted (ndics

RE)= B R = Pll) o Aa= plon)

~Aot -t

Pn (t\ = >\°"'>\n—\ (Bon < t -+ Enhe- > >\° e >\¢\-\ = j,';lnl
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The Yule Proce_ss
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Gro_PhicaL rQPresen‘tQ‘tion. E;«Ponenh'al So[owrh times
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Pure deqth processes

Puwe, b rth P(‘OCQSS

.An\ ‘)\y\

@“@”\@W RoNol:h

What f the choun noues n tha o‘aposrte dicection !

P\ua deoth Proce,SS ‘.
~ ex‘:ohzm‘[’f&( Scjoumf\ +times with  rates /A

L
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Pure death processe S

\V\—P(vx(fes\'h/\al descrip-ls(ovn

Pure death process (Xt)ho of rafes (/l\cy\i=| (s o
conkiurows time MC ‘ta.k(hj values tn {0 Lz = Ny N
(Stqt? O is absocbing) ith SJ(ocl-(omrj Lefinvtes tmodl
transition pro laabil({j fonetions
@) Ry (h)= pebhreld) o
(bY Py () = tpubeo(h) hoyy
(©) By (W=0 for \j>|4.
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S‘%oftt O Is QESarbfhj (Po-;o)



P\M‘Q de ol procesd N ol
1 I M-
N-2 1l
Sk"'EXP(/LLu\ ".\
Su | Swe Sn-2 ON-3 S\

Sojourn time / jump description:
J J ) N

Pu,re eledtb\ F(‘ocess of rotes (/Jq;)[i\ IS o r\om'ncre&s(nj
(ight-continuous process 'to.\(_iv\(j values < {01, ...y N

« with Sojourh times S, S, Sy, ..o, Sw be_(nj indefznden'l'
eK.POhel/\‘HOL(- cN.S of cates /U‘,}le--‘/.{,d ond

- jU'W‘PS XWLH"X\M(:"‘\ of maswi%ud«zl



Differential equations for pure deafh BRO@SSeS
Define Palt)= P(X=r [X,=N)  disheibution of X
U stacting (n sfate N

(o), (5) (<) (th‘es (check)

JPR'({-\= TP [ (P)+/¢m‘?m\ &) Hor tn:j\_; N-\
1PN/({\)= —/‘LM PNH') (hoa o /Jo=0>

litial conditions © P (e)=1, P lo)=0 Hor n=o .o, N-)
SO‘\IQ (QC&LFS(\I'Q [\.’ B P,Q (t) = é/JNt — PN‘\ (_(,)_,, - — B, (_e)

General golution ( assume /*"C* }‘J \
= 1= —P“t e g 1 P”t _ - __‘____’
P’\ (t) )J-hn /J-N (Annﬁ ¥ AM\V\Q > . P\\u\—cl:rl1 f“ —f""
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. - _ '
Lineor death process [ Discussion section )

Similar to Nule process :
deoth rote is Propor't(ovnuL to thu size of the (:o]outot(oh
fkkzol\k (\\'hz_a.r &ePenéehce on k)

Compute P,\ £y . _ NN
F . l /-’f\m-\ /J-N = -ﬁT
| | - e = 4
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(V\krprz-l:a{\'on of Xi~ Bin(n, et )[ Discussion section )

Consider Hu fPollouoinj chnss:l_ejc %(lL':i-..N‘ be
(.¢d. cvs, %i”ExP(eﬂ_ Denote bj Xe the number
of 3;’5 thot are lg(rjcj<r thon t (\‘S.‘ is the Lifetime
of an (ndividusl . Xg =58l of thu Foq;uula‘h'ov\ at £). X .= N.
Then: §, ~ EXP (4} , (ndependant
Ly (Xt)tzo s o pure death procass
Probobility that wn individual

i ' \ e
survies to time T is e

e Probability that exactly n

mdividua s survive o £lme £ s

* ¥ _ N-"N
S, W15, Wi s, Ws (W)€ (1-2) = P(Xe-n)
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