
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 2:

homework 1 (due Friday April 7)

Today: Birth and death processes.

Next: PK 6.5

• 8

• NO IN-PERSON LECTURE ON WEDNESDAY



theyuleprocess
Setting : In a certain population each individual

during any (small/ time interval of length h

gives a birth to one new individual with

probability ph + 01h ) , independently of other
members of the population . All members of the

population live forever . At time 0 the

population consists of one individual .

Question: What is the distribution on the size of the

population at a given time t ?



theyuleprocesse
Let Xt

,

too
,
be the size of the population at time t .

✗
☐
= 1 ( start from one common ancestor ) .

Compute Pitt )=P (Xen 1×0=1)
If Xt=n

,

then during a time interval of length h
A- phtolh) )h

- i

(a) P(Xt+h=h+llXt=n ) = nph to (b)
> (b) P(Xt+h=nlXt=n ) = I - nph + 01h )

( Ic) P(✗++ h > ntl I Xt=n)= 0 (h )
←
all n indiv

. give 0 births

(b) Plo births lXt=n) = 4- ph -101h ))
"

= 1- nph + 01h )

(a) , (b) , (c) ⇒ (Xt)t , , is a pure birth process with rates dn=np

Pnlt) satisfies the system of differential equations



theyuleprocessp.io/t)=-pPiolt) 5,101--1

ft ) = -2ps Ézltippolt ) 13101--0

1*1 : :
: I

f.PT#-)=-npPilt)+(n-npPn-ilt ) Pnlo) -- oh- l n-2

: :

The same system with shifted indices

Ñ
, ( t) = Pott ) II. (f) = Pm / t ) with An =p /nm )

B. A) = do . - - dnt / Bon e-Att - . - + Bnnédnt ) do - - - An - , =p
"

n !

n n

Bkn= IT 1- Bkn=eÉÉ¥¥+¥k=-e- ① he - dk BY- 1)
"
K !@ - K) !

e. =/ K



theyuleprocesspr.lt/=do--.dn-i/Bone-Ht+-.-+Bnne-dnt )
(1)

K

=É pin !
.

e-point

1<=0

y
(a + b)

"

= É (1) a
"

b
""

K= 0

=éPt¥ (1) ⇐ iyérst )
"

=
e-Pt ( 1- e- ptyn

= e- Pt I (1) ( e- Pt )
"

i
"

K =D

Pitt ) = Pm , (f) = e- Pta - e- Pt )
" '

= pa.pgn-ip-e.pt
11

⇒ Xt - s Geom ( e-
Pt )P(Xt=n )
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Puredeathprocesses
Pure birth process

do ✗ I 112

FETE. . .

What if the chain moves in the opposite direction ?

① ① ! ! - - - ①
e- e- ← ✓ Inµ I µ 2 93

Pure death process :

- exponential sojourn times with rates µ.

- only negative jumps of magnitude I allowed



Pure deathpro

lnfinitesimaldescriptioni .

Pure death process (a)to of rates (µk)Ñ= ,
is a

continuous time MC taking values in { 0,112 , -
-

,
N - 11N }

(state 0 is absorbing ) with stationary infinitesimal

transition probability functions

(a) Pan , ( h ) = µkh to ( h ) 1<=1 , -- ,
N

as h→o

(b) Pkk ( h ) = 1-µkh to ( h ) ,
1<=1

, . . - ,
N

(c) Pkj (b) = 0 for j > K .

state 0 is absorbing (90--0)



puredeathprocess-N-o-n.io
N- I

f-Sk - Exp /Mk )
→

'

'

-

.

.

.

.

.

→

ÉÉ

←wi-Wz→WT>Wu WINN
Sn SN - l Sn - z SN-3 5,

sojournti.me/jumpdescription:-

Pure death process of rates fuk )Ñ= , is a non increasing
right -continuous process taking values in { oil

,
-
- - in }

• with sojourn times 5,52 , 5s .
. -
-

,
5N being independent

exponential r.us of rates µ , ,µz ,
-
- few and

• jumps Xwi+ , - Xwi = - l of magnitude I



Difterentialequationsforpurede.ae/-hprocessesDefinePnH)--P(Xt--n IX. = N ) distribution of Xt

e starting in state N

(a) ,
(b)

, (c) implies (check )

/R' A) = - pen Pnlt ) + tent , Pni , (t ) for n=O - - - N- 1

( note that µo=o )/ Pritt )= -

pen Pnlt )

Initial conditions : Palo) = 1
,
Pn 101=0 for n = o

,
. -

,

N - I

solve recursively : Pn (t) = e- tent → Pn - i (f) → - - - → Po (f)

General solution ( assume µi±µj )
N

Pnlt)=µn+ ,
- -

-

ten /Annéthtt - -
- + An ,néMNt ) ,

Ann __e=Mnµ¥
etk



Lineardeathprocess [ Discussion section ]

Similar to Yule process :

death rate is proportional to the size of the population
µk=dk ( linear dependence on K )

compute Pnltl : •

µn+ ,
- . - -

pen
= Ñ"¥

N { Me -Mk -- all - K )
• A,<n=Mµ¥=ñ¥T!¥!

e- n

etk

• Pnlt)=Ñ"Nn÷ . ¥E.in#y-F.n.@.k)T.e-kdt/j--k-nk--j+n--Nn!-.-z-ny
> Xt - Binnie

"

)
j ! / N- n - j ) : N-h

=N÷némtÉ¥fe-dtj-nn.tn#y.e-ndty-ett)j=o



lnlerpretationofxt~Bincn.it# Discussion section ]

Consider the following process : Let { i. i=1 . . . N ,
be

i. i. d. r.us
, Gi - Exp (d) . Denote by Xt the number

of { is that are bigger than t ( Yi is the lifetime

of an individual
, ✗+ = size of the population att ) . ✗ ☐

= N .

§?
lifetime Then : Sk - Exp (2k) , independent

↳ (Xt )to is a pure death process

Probability that an individualit survives to time t is e-
*

f-- | Xta Probability that exactly n

t - individuals survive to time t is
°

(1) e-
""

G-E)
""

=P (Xen )


