
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 2: 

homework 1 (due Friday April 8)

Today: Birth and death processes.
Strong Markov property.
Hitting probabilities

Next: PK 6.5, 6.6, Durrett 4.1
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lnfinitesimaldefinition-D-ef.LT/Xt)t=obe a continuous time MC
,
✗c- c- { 011,2 , - . .}

with stationary transition probabilities .
Then

t)t±☐ is called a birth and death process with

birth rates (AK ) and death rates (Mk)
if
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Exampleihineargrowthwithimmigration
Dynamics of a certain population is described by the

following principles :

during any
small period of time of length h

- each individual gives birth to one new member with

probability ph -101h) independently of other members ;
- each individual dies with probability 2h + 01h)
independently of other members ;

- one external member joins the population
with probability ah + 01h)

can be modeled as a Markov process



Exampleilineargrowthwithimmigration •

Let (Xt )to denote the size of the population .

Using a similar argument as for the Yule /pure death
models :

← pure birth growth
• Pn.nu/h)--nph+ah+olh)

t
immigration growth

• Pn in -11h) = nah to 1h)
• Pnm ( h) = 1- ( n.ph + ah + nah ) + 01h )

↳ birth and death process with

dn = np + a

µn
= h ✗



Aternatiejumpandhdcharacterization •
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Sojourn times Sk are independent , ¥µ=¥µ=¥+µ=¥¥
V Exp (2) Exp (4)Each transition has two parts

- wait in state i for time - Exp (di+µi )
- then choose where to go :

go
→ with probability Xi + µi

go
with probability Midi+ µi



stoppingtimes

Def_ ( Informal ) . Let (Xt )# ☐
be a stochastic process

and let Tao be a random variable . We call T

a stopping time if the event

{ Tet }

can be determined from the knowledge of the

process up to time t ( i.e. , from { Xs : ⇐set } )

Examptes : Let (Xt)# ☐
be right - continuous

1. min { teo : ✗+ =i } is a stopping time
2. INK is a stopping time
3. sup { teo : ✗E- it is not a stopping time



stoppingtimes
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strongmarkovpropertytheoremcnop.ro#Let(Xt)tzo
be a MC

,
let T be a stopping time of

(✗e) too . Then , conditional on Tao and ✗+ =i
,

(✗Ttt )t20

( i ) is independent of { ✗ s ,

0£ SET }

(ii ) has the same distribution as (Xt )#o starting from i.

Exampte
i - - - - - - -

-

i
;(xw.tt/ +⇒ has the same distribution-÷,_as (Xt )t±o conditioned on ✗ ☐

=i
,

! :

and is indep -

of what happened before



Alternativecharacterization
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Denote Gilt ) :=P ( Sk > t lXwk=i )
Giltth ) =P ( Sk > tth / Xw ,<=i )

sMarkov =P ( no jumps on -10 . tthl / Xo=i ) I stopping time
Markov

=P / no jumps on [at ] / Xo=i)P(no jumps on ioih] / Xo=i )
=P / So > the)iP( So > hlxii) = Gift / ( I?É )

= Gilt ) - Chi +µ :)Gilt )h + Giltloh )

↳
Gilt ) = - Chitti ) Gilt ) ,

Gilo)=l

pi.it . 1h1 = ✗ iht 01h) Pi +i. ilh) -- Ain hi 01h )



Aternatiejumpandhdcharacterization
•

"

Pro cont .
e×= It ✗ t ¥ +

- . . ¥
.

-1 . .

Gilt ) = - Chitti ) Gilt ) ,
Gilo)=l

↳ Gift ) = e-"
"Milt =P ( Sk>tlxwii)

✓ ↳ Sk- Exp ( ditlei ) ( given that the process sojourns in it

suppose the process waits Exp (di+µ :) ,
then

jumps to in with probability dimitri )
to i - i with probability Mi /Hi+µi )

Pi.in/hY--''P(SkshlXw.--i)P(jumptoi+i ) ✓

=/ 1- e-
""Him ) = ( Kitui)h + 01h ) )¥÷µ=dih +0.1h )

Pi
,
i- i 1h ) "="P(s⇐hNw¥P( jump to i - 1) =/Kitai)h+ofhµ=µiht 01h1
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RelateddiscretetimeMC.IO/-MoA,tµ,
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Def_
.

Let (Xt )tzo be a continuous time MC
, let wn.no ,

be the corresponding waiting (arrival , jump ) times . Then
we call (Yn)no defined by Yn=Xwn

,
Yo=Xo

,
net

the jump chain of ☒ t)tzo .

. .
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← ←←
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,¥j×¥m ¥÷ii .

[ random walk



Related discrete time MC
.

Xtditjrr)n⇒ execute the same
/

transitions
.

Let (Xt)# ☐

be a birth and death process .

Then

the transition probability matrix of the random walk

(Yn) neo is given by 0 I 2 3 4
' ' -

0
¥ - . .
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AbipbabifrB&Dpses
Let (Xt)⇐ ☐

be a birth and death process ,
and

assume that the state 0 is absorbing ,

do = 0 . Then

P( (Xt)⇐ . gets absorbed in 0 / Xo=i )

=P ( (Yn)nzo gets absorbed in 01 Yo -- i )

↳ use the first step analysis to compute
the absorption probabilities for ( Yu )n=o

(and for (Xt ) tzo )
Denote Ui=P ( Yn is absorbed in 0 I Yo=i )
Then Uo =L ,

Un = MI un- I + Unt I

dntMo Antun



Absorptionpr-babiities-BDpressesll.no
= I

,
Uh = µn_ Un- , +d- Untl

Ant ten dntfln

Rewrite (Antun )Un=µn un- i + dnuntl

✗n (Unt I - Un ) = µn (Un - Un- 1)
Untl - Uh = ,µ÷ (Un - Un - 1)

=
I

= ¥ . ?i - - - - ¥1m - un

T
(4) Unh - Un = Pn (Ui

- 1)

n - 1

Note that -24×+1 - und = Un - Ui =/Ui - 1) Épn
☒= ,

h= ,

or

If Ipn = •
,
then U

,
= 1 and from 1*1 Un -- l t n > 0 .

n = I



Absorptioprbabiitiefrbpresses
I

Let 2pm < •
. If we assume that unto ,

n→o
,
then by

b- 1

taking n→a
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