
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 2 is due on Friday, January 21 11:59 PM

Today: Positive and null recurrence
          

@



Positive recurrence and Stationary distribution

Def 9.2 Le t i be a récurrent state for Mc (Xn) .

Dénote Ti = min { n> | : ✗n=i }
.

If Ei IT;] <• ,
then we call i

positive récurrent . HE
,

- (Ti) = -
,
the we call I null récurrent .

Prop 9.4 In a finite - state irredu cible Markov chain all

states are positive récurrent .

Thm 10.2 Le -1 (Xn ) be a time homogeneous MC with

State space S ,

and suppose that the
chain possesse a

stationary distribution I.

( i ) If (Xn) is irreducible , then I (j ) > o for all je s

(2) In general ,
if # (j ) > o ,

then j is positive récurrent .



Positive recurrence and stationary distributions

hm 9.6 Le-1 (Xn) be a Markov chain with a state

space
that is couin table ( but not necessarily finite ) .

Suppose there exists a positive récurrent state ies ,
Eiki ] <a .

For each state je s define

Hij ) = Eli [ Ë
"

{✗n=j } ]h = o

(the expected number of visits to j before reaching i ) .

Then the function I :S → [0,1]

Mj ) =
H
E-illi]

is a stationary distribution for (Xn) .



Positive recurrence and stationary distributions

Proof of Thm .

9.6 Recall Ji-min { n> ii. ✗n=i }
.

H [

|
jes
N'Ü ) = E- [ Ti ]

✗
l

Ti- l

[ zcij ) = E Ei [ [ {✗n=j } ]
-

- Ei [ ËÏ 2- {xn-y.sn/--EilTi ]
jes JES mo

n -ojes

Hij ) = -2( ii ) Enough to show that Hj res
Kik ) plkj )

| Dénote a- =/Il ;))j, with a- (j ) :-. ¥y .
Then tjes

• ITCJ) 20 • Flj ) = ZICK) plkij ) • ETG ) -_ §, ¥! =LKES jts

(iii ) V-j ylij ) = Ès Hk ) plkj ) Ti

| • Given that X
.

-

- o
,
for any jes Ë

"

#
{✗« j }

= ?
,

#
{ ✗ n=j }

h= 0



Positive recurrence and stationary distributions

Ti

• jlij ) = Ein?
,

{✗n=j } ] = Eli / Ê # {neti } #{ ✗n=j } )n =\

•
a

= [ Ei / # { neti , ✗ n =p ]
= -2 Pil ✗n=j , neti ]

n = | h = ,

• For any mi and jes {neti } = { n - l >Tif

Pil neti , ✗ n=j ] = [ pif
✗n -j ,

neti
,
✗ n, = k ]

{T' = " }

KES

= E Pi ( ✗n=j / ✗n - i
-
- K

, neti] Ii / neti , ✗ n - i -_ k ]
LES

MP
= Z p(kj ) Ii / neti , ✗ n - i -_ k ]
kf5

n- / = e
a

jliik )
• y / i.j ) = [

* s
p (kj ) [ Pi / ✗ni

-

- K
, neti ] µ

h=\

a Ti- l

= -2
« s
plkij ) [ Ri / ✗e-- Ki et Ti

- 1) =
,
paey.IE#..4tpe=x}]1=0

Toi



Positive recurrence and stationary distributions

Corolla ry 10.1 f i is a positive récurrent state ,
then the

Stationary distribution I defined in Thm 9.6 satisfis

Ici ) =
1-

Eilti ]

Proie
.

Follow from Thm 9.6 and ✗ ( Iii ) =L
. Ba

Corolla ry II. I For an irreducible Markov Chain
,
TFAE

(i ) there exists a stationary distribution with all entries > o

-110.2 À

(2) there exists a stationary distribution
1- 9.6 À

(3) there exists a positive récurrent state
À

(4) all states are positive récurrent Positive recurrence is
a class property !Prof

. By Thm 10.2
,
(1) ⇒ (4)



Example : Birth and death chain

Let (Xn) be a birth and death chain : S -- { o
,
i
.
. . . }

• pci.in ) = q , p (
i
,
i - 1) = l - q for izi

qe (Oil )
• plo , 1) = q , p (

o , o ) = I - q

(Xn) is irréductible

f- ÉQ : Does Stationary distribution exist ?
Ilo) = Tilo) (1- 9) + ICI ) ( l - q ){ Mi ) = Ici - 1) q + + ( in) (tg ) ,

i , , {
* (1) =P "

" )

Ili ) - Ilir) =p /Ici
- i ) - Ici ) )

ITG) - Ill ) = ( t - f) Ilo) ITG) - Miti) = ( l - p
"'

) ITG )

{ Ici ) - ITCIH) = pili - p) Ilo ) IT (iti) = pi
"

Flo)
a

[ Ili ) = I
,
so stationary distribution exists

i -_ o a

⇐> [ pirlo ) =L ⇒ ÉÉ piano ⇐ / plat
i=o



Example : Birth and death chain

pci ⇐ q
< {

Ilo) = l - p
a

• If get ,
then I pi = , i ) = pili - p)i --

All states are positive récurrent .

• 1f q=É ,
then (Xn ) is not positive récurrent .

(Xn ) is récurrent : if ( In ) is a SSRW on Z
,

then

[ Î < a) =/ = ( Î< • LÀ = , ] . { + D. IÎ < a /À = - t ] - t

= LPOIÎ < • | À -- t ]

At the same time [ To < a) = d- + Dolto < • 1×1=1 ] - E

and Pol To < a / × ,
= , ] = Dolto < a / À =/ ] =L

We conclude that (Xn) is null récurrent

• 1f q> { ,
then (Xn) is transient


