MATH 285: Stochastic Processes

Today: Time reversal

Homework 3 is due on Friday, February 4, 11:59 PM



S'\'O—ho‘ﬁ&rj disteibution |
2.

Exomple (Xn) SSRW on &= ///}\\\\°
3

6
(Xh\ s irredacible \ /3
Lj

(Xn) 1s o.?er(oe\\'c,

P s doudo\j stochastic 1e. 2 ’lb(d,v'\)z | V\\)eS‘

Ces
Remark: f P is douJolJ stochashc with finte stote
SFQCQ S | then 'W=(|%1""\T\S_T>

= (§L‘ _SL|T;_|%\%)
. |
Vo Bi[T)=500" "

¥op yg) = BT mgd =



Time creversal

Theotem 12.2 L et (Xn) be an irreducible Markov

hoin \:»osse_ss'mcj o s‘l’oﬁ(oharj distrbution . | et NeN
PlXe=j1=7() ’
o_r\é 'Fo(‘ 0t h¢& N A?_'Pme, Yr\f— XN—n_ Then (Vn)

s an irreducible Morkov chon with the some S‘Yq_*ithrd

oche N

distribution | and fransition probabilities q(ij) gwen by
ﬂq)q(j@):vc\‘)(x\\‘)) \ ]

PFOO'F‘ (i) ij Coro\\&rj 10.2 (or l\-\) 1T(j)50 VJ'

(i) ﬂ(J L) = |

Les
me

Z CI(JL)'_ 2s n(‘l)?(‘.)) =] “(O "(Q—\

iesS



Time ceversal

(i) 2 Tr(j)ci(j.() = ()

Jes
Jgs TT(A)CI(JH) :J:Z:S T\'(\)P(C(Jj —_--n(\‘)_l _ “(;7

(V) (Y)genenw s Markoy with initial disteibution

ond  Frocnsition Pm\ocdoi\'l Ties ﬁ(f,\')‘)

Enough Fo show hat for ony somple path (to, G,y by)
Pl Yo=to, Vi), o Yo=(nl= W(Co)ﬁ(fo.it)w j(im.'m)

BT Yoo Vimth = Ve ] = B Ko 1 Kot o, Ko =]
= T(EW) PNy Gam) - F((‘.fo\z “(iu-\)jC(N—'\iN\P(\\N-l. Ln-)
= Tr(cw\\\)((w,ln-z)-“ Pl o) 61((»—“6“) = =
= T(a) p(ucbe) qia) = qlen, ) = T()q(Cored) =~ (cum, i)




Time

reversa

(V)

The

(\/\0 s ircedwc ble W(J) N (J‘L) =) P(LJ)

To ke any C‘jeS.
(Xn) is (creducible = there exasts neN and G,y ine S
st. o plha) plé, )= p (Lr\,j)»o
= Clﬂ (\J\L) CI(J LV\) CI(LV\ Ln‘ r 7((_.,,(‘)
= (() ( l( Ly \
P TTL) F( Tr(_;) F(an>

_Irﬁ) POCC) ~-- n ol
) P(taij)>o

I

= (\/ny s {rreducible

choan (Yn) i called the time- reversal of (Xa)

04neN
osne N



Time revers: b(\i‘&j

Q: When does the time -reversel hove The saome deansition

P(“D‘Oo»\oi\{‘\‘fesf),
Def .5 Let (Xh) be on icreducible MC with  stote
spoce S (-Fim.‘fe_ or c0wn+mb\e> ) initiol disteibwtion A

ond  Fransition probebilifies pC¢j). We coll (Xn)
ceversible f Hor all N>U (Xuin)oenew is odso on
irreducible MC with it diste. A ond frans Pmb_ PU‘;Q-
Def B0 Letk (Xn) be o MC with imtie diste bution

A ond fromsition probabifities p(ij). We say that A ond
PU‘D ace 1n detonled balance (gdfsfj 1{he detfailed balance
e_csu»o&iovx) o LHor ol Lj )\U\P(l\j\) = \(j) F(;\.C)




Time revers. b(\Hj

Thm 13,11 I-F “\r\e_ ihi‘“m\ d\\s*rfbu‘\‘iov\ }\ and ’Hr\e_ —h*mnS\l‘}erq

?robo.bi\('\-ies P(C(j) ore 1n detonled bolance |, then
A is The S'\’Q.‘\'llono\rj diste bution He P“J)
Proof

> () F(@J): Z ,\(D P(J’l() = AG)) %
LES

Les
Thm 1302 et (Xn) be on irreducible MC with initia|
disteibution A ond *ransition probabilities p(¢j). Then

(X“) js feversible 15\ and F(C‘J) oce 1n detarled balance
Proot () (Xn) reversible = P[Xy=j1= A(j) ¥ NeN Vjes

5 )i stklonacy S Y uj MOPE]) = MG ¥

Tr.2 AR

((:) Bj Thm BN A s 5—ka+(onarj = ci(\j.i): m) P(f.j) = \)(j.{;




Detfailed  balance
1< (Xn\ s irreducible ond reversible  then (X))

PQSSQSSQ_S O S'\’m‘l'ibhou‘:j disteibufion T and

T(§) pGut) = WO PLLY,

Nt s usu&\lj cosier 4o solve dhe  detouled bolance
ec‘uoﬂ'\‘on thon T=TP
Exoun\ale_ Let 6 be oo finite 3rovj>h Wit no jsolated

verfices . Let (Xa) be o SSRW on G,

P(hj)* L""\ S where Ay = ﬂ?{j L~J77 \lo_\ef\cy
Detoiled bolance - TT()P(lIJ)sTT(J)P(JL)

Notice %\r\q\‘ A\ P(\ 3) {‘ ‘ t:j | so T P((,J') = V] P(j\q
T\’\U\S Tl‘(g) _%Us so:hS'ﬁe.S ﬁ\e de-"ﬁ'\ le d bo.‘o,r\ce, Q?uOqu‘lOr\.

eV



* | %2y ZZz
E_xamP\e .

—

%WI%W
) _#

NG
AN
%

Consider o chessboard (8x8) %
S
¢

7,

ond o random kh(Sh-\ . %
>y )

7

NEEEN

thal mokes each Pe_rm(ss(\a\e

move  with QC]MQ\ PPO‘OO‘E)“\;+J' 4 % %

7
3

Suﬂpo&a thot  the \Lh\‘S&\‘\ storts | 3 '
%

\n one ojr. fhe CorChers. b c d e £

\\

How \ons on oaverage will it take o cetwrn 7

Consider  The 3rQP\r\ with Vot 83" and C~J' i the
\LMSH con 9o dire_cﬂj Leom Chj The The kn{s\r\*
qur-(:or«ms o SSRW on G. To find "'\?\Q S*Q+\onur\<j dshe bution

count the valencies : g:m-%e LT ()= 3% (68 Equ\) 68



