
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 4 is due on Friday, February 11, 11:59 PM

Today: Branching processes
          

@



Galton - Watson Branch ing Process

consider a population whose evolution ( reproduction )
is determined by the following rates

( i ) Each individuel produce k offspring with probability
a

pr , where E.pk =L ✗☐

• •

( ii ) All individuels reproduce independent 'y
✗ | • • •

Dénote by Xn the size of

✗ 2 on • & • o s o - othe n-th generation .

The number

of individuels in the n - th generation × } . . . . . . . .. . . .

depends only on the number of

individuels in generation n- i ⇒ (Xn) is a Markov chain

If ✗ n -- o for some in
,
then Hm > n ✗ma - extinction

.



Galton - Watson Branch ing Process

Q : what is the probability that the population neuer

gœsextinct ? LPIXN > | ne N ] = ?

•

be i. i. d. random variablesDirect computation : Let {Yi }i= ,
with Yi c- { 0,1 , . . . } and El Yi -- K ] = pk .

Then

pliij ) = [✗n+i=jIXn=i ] = LPIY ,
+ - - - + Yi =j ]

Distribution of Yt - - - + Yi is given by the i - Fold

convolution
,

which is hard to nork with
.

Instead
,
we study one particular quant ity

q ( i )
= Pi [ Xn = o for some n ]

and develop a method to establish if q
( i ) -- l or q (

i ) < 1



Galton - Watson Branch Ing Process

Dénote by µ :
= Îkpk the expected number of
1<=0

Offspring for each individuel , µ
-

_ EH , ]

Then a

Ei [ Xn ] = -2 Etre / ✗ n- i -- k ] Killin - i -- k ]
IL = o

I

and by the Markov property

Ei / Xn / ✗ n - i -- K ] = Et [ Y ,
t - - - + Yk ] = K - EN , ] -- K -

µ

Thus

Eli / ✗ n ] = ÎK -

µ.lt?fXn-i--kJ--M.EifXn-iJK--o--mnEf.XoJ--i-µ
"

•
*

But Eli / Xn ] = [ k.lt?fXn=k ] ? -2 t.tt?lXn=kJ--tPifXn--i ]
1<=0

K = 1



Galton - Watson Branch Ing Process

( I ) 1f µ
< I

,
then for any

i the population gets
extinct almost surely

q (
i ) = LPIXN -- o for some n ] =\

• Pil Xn > 1) E in
"

⇒ lim Pil Xn > | ] = 0 ⇒ tim Pitino] =L
n →a n → on

a

• 1? / ✗ n -- o for some n ] = [ U { Xn -- o} ]
n = 0

monotonie ity

( ✗ n --0 ⇒ ✗ nu = o ) ⇒
a

LPin.U.io/Xn--o } ] = Iim Pill no] = l

m → a

Jef 15.1 et (Xn) n> o be a branching process with

Offspring distribution po , p , ,
_ .
.
and meam µ .

We call (Xn)

subcritica if pici ; critica
I if µ =L ; supercritica / if µ > 1

.



Galton-Watson Branding Process

Subcritica GW branding process getsextinct with

probability I
.
What about the super - / critica / regime ?

Observation : dénote qnli )
-

- Pil ✗n=o ] Xo • •

(2) qnli ) =/ qua ) ]
"

✗ | • • •

✗n=O Iff for each of i

✗ 2 on • & • o s o - o

Independent sub processes ✗ n'"=D

Ne saw that ✗ 3 • • • • . . . •o o . .

qli ) :=P ; / 3- n'- ✗no] = limqnci ) therefore
haa

q (
i ) -_ (go ))

'
and it is enough to Compute qu ) = :

q .

Q : Hour to Compute q= # [ 3- n : ✗ n=o] ?



Probability generating function

Del 1-et Y be a random variable with values in { 0,42
,
. . }

.

We call the function
o

Yy (s ) : = Els
" ] = [ s

"

P[Y=k ]
K=o

The probability generating function of Y
.

Properties :

( i ) yy ( s) is analytic on C- lit ) ; Yy
'"

(a) = n ! Ely -- K ]

(2) Yy (1) =/ ; Yy (o ) = LPIY --0 ]

(3) For Kkl
,
Y'y (s ) = ÎKS

"- "

LPIY -- K ] ; if EIY ] < a ,
then hill ) -_ E- [ Y ]

IL=\

a

(4) For Is / < l , y ( s) = [ KIK- 1) s'
"

P[Y=k ] ; in particular ,
if

1<=2

LP / Y > 2] > 0 ,
then Yy (s ) is (strict 'y ) convex on (Oil )



Galton - Watson Branch Ing Process

Theorem 15.2 Let (Xn) n > o be a BranChing process with

Offspring distribution po , p ,
,
. . . .

Lete be the probability

generating function of this distribution ✗ (s) = Î pxs
"

.

1<=0

Then the extinction probability q is given by

q
= min { SE [ai] : lets ) = s }

Prof .

( i ) q (
i ) = qi

( ii) 9--419 )

|
Using first Step analysés

q= 1f17 n : ✗ n=o ] = ÊIP , [ In : ✗ n - o IX ,
-

- i ] E , [ × ,
-

- i ]
• i- o a

= -21? [ Jn : ✗no ) pi
= -2 gipn = 4cg )

l' = o
i -- o



Galton - Watson Branch Ing Process

( iii ) q c- [ Oil ]
,
✗ (1) =L

,,
-1Pa /✗ni ]

( iv ) Letq = min { se [ ai ] : xls ) -_ s } .

Then tn qn
a- §

Induction : go ⇒
⇐ Î

Suppose qn - , a- § .

Then

qn =P, [ ✗n=o ] = ÊP , /✗ n -- OIX ,
-

- i ] DIX , -_i ]
[ = o

= Êpilxn.io ] pi = -2 qni.fi
i=o i=o

Thus qn c- Î Ïpi --415 )=Î . By the principle of
to

Mathematica I induction qn
⇐ Ô for all ne -1N

(v ) 9--419 ) and qe toit ] ⇒ q >_ § / ⇒ qui
lui ) nqniq ⇒ lniçgqn -7<-9 ira



Galton-Watson Branding Process

Q : When does q < I ? When does sacs ) for se [0,1 ) ?

Remark If pi I , then LP
, [ Xn -- 1) =L .

Coro /lary 15.3 Suppose p , # I
. Then q =L if the process

is critica orsubcritical
,
and q < I if

the process is

super critica
/
.

Proof
.

Subcritical : discussed before .

Supercritica / : µ > I. Dénote fls )
-

- xls) - s .

Then

• t'(1) = y'a ) - l -_ µ
- t > o

po -•

• ff0 ) = po ,
f- (1) = QU ) - 1=0

• 7 s' c- (Oil ) s
.

t
. f(s ' ) < 0

°""Ï• f is continuous on f0,1 ] |⇒ 7 SE f0,5
' ) st . f-G) = 0



Galton-Watson Branding Process

Critica : µ=I
• Ï;:•

µ
=L ⇒ po # I ( otherwise [ kpx -- o )µ

=

1<=0

•

*

,
•

µ
=L ⇒ poto (otherwise kpx =L ⇒ p , = , )

•
•

• p , # / ⇒ [ pr > o ( otherwisefe-E.kpk-o.potl.pt =p , < 1)
1<=2

• y '( 1) =/

• if te @ il ) ,
then Y'A ) < 1

•
• a

| Y'A ) = -2kt"" pr =p , + -2kt
" - "

pr < p , + Zkpx =L

1<=1 IL =3 K = 2

l

• Jake any selon ) ,
j' y ' /t )dt=Y( 1) -41s ) -- t - ycs ) < { dt = l - s

s

⇒ 41s ) > s for all SE (Oil )


