MATH 285: Stochastic Processes

Today: Hidden Markov chains

Homework 4 is due on Friday, February 11, 11:59 PM



EXQmPle: OCCQSIOY\Q-\(U Dishonest Casino
Cosino has +uo dice : Faic (F) ond feaded (LY.
F: P(O)=¢
L: P()=0.5, P()=0. for (22
Casino  swifches the die :
FoL wth \Jrolocxbl\{\':) 0.05
Lo F with Probubll\”ra 0.35
As o P\mjer You dont know which die s 1n use,

qon on\j observe Fhe number That s rolled .
SUKINJOSQ_ qou ‘\)\Qj the Gorme (coll the die) 6 Fimes

and observe LV L

Q: \{\l\‘\oi\’ IS ‘\\'\Q W\OSJ( \\\&e\j SQC‘UQV\QQ o—( d(ce, u_secl 105 9

coS\no .



Hiddeh MOL(‘\LO\J Mer\

Def 16.2 A Hidden Moarkoyu Model (HMM) is o ch‘\r of

stochostic processes CXmYn)nZQ where (Vh) (s o Markov
cholin with stacte spoce S, ond (Xn)nae bhas a FQSSHOB
different stote space R . and The vector valued process
Zh=(><m\/v\) s oo Mockou choin. For 365 and xeR
The conditiona) Pro‘oovb:\\jr{es

ej(x)=[)Y)<n=1l\/n=31
ore called the emission ?mbmb[\I‘l‘\‘es, Let p: SxS~(o,]
be the Fronsition ketnel for (Va). W js token as an
Q.SSLLmE‘\'ioh That the Fransition becnel foc (Zn) s

PZon= g 120 ()= Py ) ey (=)



Hidéeh MQ_(‘\LO\I Moclo_\

RQMQF\LS
A n SeneroJ (Xn) s pot a Markov chain
@) Transition kernel for (Zn) does not depend

on = . fhis s net true = 8anerm\ for  Markev

chains on  SxR
Pl Ro=xe, Yo=yo, Ri=xy ccee | Vi =Yna , An= Xu, \/h=jn]
= PlAo=x Yorgo ] plyorg) @y ) pyp) g (22) 7 pYna gn) &g (20)
= P(Yerg]) €y, () PUIorg) @y (0] Yt g (22) 7 PG gn) €y (20)
= PlXorxam Xnm 2 [ Yomdoy oy Ynrygn) BT Yemgo o, Ynoga]
= Pl Xo=xo o, Xn=2n [ Yomdo ey Ynzgn ) BYo=g0) POy ) - p (g yn )

5 PLXe %0 Ximxs o Knog [ Vemge 1 s 0 et g, 00



EXonPlg: OC—CCLSIOHQ«“U D'\shohe,S‘\‘ Cas\ho (2)
Construct oo HMM dhat models O DC

5={F\L'3 ) (¥») MC on S with  Fransition Probab§\§+§e~s
P(F,L): 0.05 P(L.F): 0.35

R={\‘z‘3‘q‘§(g‘] ) Xhe Q
Emission P(‘obabi\\.‘h’es L e (V)= z dor all (eR

. 0.5 =
e ()= \
OI s Legz\&'ﬁ-?.CS

Zn = (Xm \/h\
Pl Zon=Cjo p) | Za=(0a) |- Pitp) e ()



The Horword o.\qoriﬂ\m
I_Q,t (Xh\\’hj bﬁ, O- HMM Dg_no‘\'e_

xz(xbll(,-_.\lﬂ) ’“\Q obse_much So_clue,hc_e,
\/-_-_ (30‘3"__,le) ‘H\Q S"'OC\'Q, SP_C‘\M?-'OC-Q,
]P[X] = P Xi=xe k- Ku=2%w )
\Prx\7’3: KP[XQ=I'°\“' \XN:le \10:3"("" \/”=\\j”]
QF \,\]\'\OJ[ \S ‘ﬂ\a PFo\o&kﬂ\Hn of (j°\:j'l-'le> Si\lqn thod

we observe  (Xe, X, ..., ::m)?
Us'w\\c) 'H\Q o bove ho“'c\‘\'-\om we bhave o comPuﬁe
PCxy)
P £ -1
Ply1x1= =3 Pix3 -7

We know that lPYX\\/] = F[jﬂejh(x,) P(gorye) €4, (1) - F(d,-\‘jp) €yy (1)



The forword o_\aori‘\')r\m
Direct Way of comFu‘\"mj Pl %]
Plx]= 2 HENA

Problem ¢ com?u+m+{onm\\j infeasible ~ t\HS\'\l cOmeTu+u'on5

3rows exPonen‘\'io.\\j Lost with N

The Jorward &\Sorijr\f\m allows o comPufre Prx3 n

Po\jr\om{m\ time .

Fix observed sequence X=(Xe X1\ ), For any yeS
ond  nefo,i.. N} define the probability
o ()= Pl Xem 20 Xizxi oy Koz xn, Ya=y]
thot  ficst n obsecvotions occured and the hidden stode sy



The forward o_\aorijrh m
Then

L (J‘) =[P{Xo=1o K=, -y Ra=Xn, Xm\:xml |y“+l 23:]

= Z jP{ xof-xo B x“"1"1 \/h;‘jl Xr\fi’-‘7-h+\\ \/N'l=\7']
Jes

Now condition on Xol Kiv-==, An Yn

‘\P(X°=1° ‘X‘:I")"'w Xa=Xn, \/r\zjl Xnﬂzxm\ .ynH :'UI]
= “?[Xnﬂ =Xny, Yy '=\~j/ \Xo = X 'X‘=1|---| Xn-—-'xn‘ \/'":U‘)
* ﬂ?[xc’:l“|X|=1|,_-|Xn=xn\\1h=v]

= ‘P[ Xnﬂ =Xne, Yhey _"J/ \ Xo = Xe  Ky=3y 1= X“=1n‘ \/Ir):tj} o(.n(j)

L evamo. 16.5 Let Z“=(Xn\\/h) be MQ.(‘\LO\I Chm.\h. —”'\QV\

'\P{Zhﬁ(lh“‘j‘) \ Xo=Xe ‘X\-‘-I‘ ooy K= Xn, \/r\:j]
= [\?[ ZnH:(m““'jr) \ Zn= (1“-3)‘K



The forward a\goriﬂ\m
_ﬂne.re{:orez
Ly (j’) = 2 P 2, = (%ns, 3'> \ 2n= (xn.j)] dn(j)

3e5

“Z, plag) ey (oan) snly)

- ey Z pla) an(y) ()

and  we con CQmFu.‘Ye

F[X] = Z. I_P[XQ’IO ‘X\=x\,_-.| xN=In | \/N=31 = Z OL'N (j) (**)
jes

3&5
COW\P\Q_)\H'j 0{ J(}\Q —Fom/ocu‘c\ OJBoP]ThYY\ :
oo (y) = P[Ro= oy Yo=y J= P[Yo=y7 ey

BB ®) we T\ee_é NZ\S\ Ofe—"“’\'\'OV\S 4o comPudQ “L“(\j)
ij (’Iz’k) we K&UQ —‘—D c,om?u—\-g °Ln(‘j) _’f_:)r &ll n(\j o Mls\z



Proot of Lemma (6.5

'\P(Zr\ﬁ'(lhﬂ‘jl) \ XD=1° (X\:I-\ 1 Xh’;xr\\ yn::\j]

= IP[—X(‘ o - Ko =Zner o« Ya=y, Yhn ‘—‘J(]
E[XO:IOI.--‘ Kn = X, Vh:J]

\P{ XO =Xo, X\=1';"-) Xh=1r\|\/n=5. xn+l=1n+1 \\/n+l =5I]

=2 Pl2=(me0) o Za= (g ) Zawy = (2o g ) ]
jn,«-.:jn—l

= Z P[ Zh\-\ F ('xr\ﬂl 3') \ %r\ = (’Ih ,j)] _‘P[%b -"'(-I-°(jo)'--\ 2 s ('1.-4,3)}
3..«.3-\-1

= P{Zon = (x4 | 2az (0 ) PLKom e, Kz i,y K= i, Vo 2y
L)



