
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 4 is due on Friday, February 11, 11:59 PM

Today: Hidden Markov chains
          

@



Example : Occasional / y Dishonest Casino

Casino has two dice : fair (F) and loaded ( L ) .

• F : Pli ) = È
• L : P (1) = 0.5 ,

PCi ) = O - I for [ 22

Casino switches the die :

• f- → L with probability 0.05

• L → F with probability 0.95

As a player you don't know which die is in use ,

you on /y
observe the number that is rolled

.

Suppose you play the game ( roll the die ) 6 times

and observe le lit , le lit .

Q : What is the most likely sequence of dice
used by
casino ?



Hidden Markov Model

Defl6 A Hidden Markov Model (HMM) is a pair of

stochastic processes (✗ n , Yn) n > ☐

where (Yn) is a Markov

chain with state space S ,
and (Xn ) nao has a possibly

different state space R ,
and the vector value d process

Zn = (✗ n , Yn) is a Markov chain . For yes and xe R

the conditionat probabilities

ey (x ) = [ ✗ n
-

- x l Yn -- y ]

are called the emission probabilités .

1-et p : 5×5 → [ 0,1 ]

be the transition kernel for (Yn)
.

It is taken as am

assumption that the transition kernel for ( Zn ) is

[Znt , = (✗ '

iy
' ) / Zn = (x , y ) / = plyiy

' ) ey . (x
' )



Hidden Markov Model

Remarks

atIn general (Xn ) is not a Markov Chain

(2) Transition kernel for (Zn) does not depend
on x ; this is not true in general for Markov
Chains on 5×12

[ ✗☐
= Xo

,
Yo -_ yo ,

Xixi
,
. . . .

.
Yn - i = yn - , ,

Xn = ✗ni Yn = yn ]
=P /✗Exo , Yo-yo ]

plyo.ge/ey.lxi)plyiiyz)eyaHz)--ip(yn-nyn)eynHn)--LPlYo--yo) ey. Ko) plyoiyiley.lk/plyiiyz)eyaHz)--iplyn-nyn)eynlxn )

= Il? / ✗ ☐
= Xo

,
- -

,
✗n'- xn / Yo-yo ,

. .
_

,
Yn -- yn ) Pf Yo-yo ,

-
- -

,
Yn -- yn ]

= Il? / ✗ ☐
= Xo

,
- -

,
✗n'- xn / Yo = yo ,

. .
_

,
Yn -- yn ] Ho -_ yo] plyoiyi ) -

- - - •

p (yn- i , yn )

⇒ [ ✗ ☐
= Xo

,
Xixi , - - - , ✗n'- ✗ n / Yo-yo ,

- - -

i
Yn = yn ] = ego (x . ) . _ . . . eyn (xn )



Example : Occasional / y Dishonest Casino (2)

Construct a HMM that models ODC

• 5-- { F. L}
,
(Yn ) MC ons with transition probabilités

p( FIL) = 0.05 p( L' F) = 0.95

• R = { 4213,4516 }
,

✗ne R

Emission probabilités : epci ) - É for all it R

ein ( i )
=/ 0.5 ,

l' = ,

/ 0 . /
,

il { 2,3 , 4. 5,6 }

• Zn = ( Xn .
Yn)

[ Zn+i=( j.pl/Zn--(iix)J--pKip)eplj )



The forwards algorithm
et (✗n ,

Yn ) be a HMM
.
Dénote

• ✗ = (Ko
,
x, ,

- - - . ✗ n ) the observe d sequence
• y = ( yay , ,

- -
-

, yn ) the State sequence

• LPIX ] = [ ✗ ☐
= Xo

,
- - -

,
✗n -_ xn ]

• [ × , y ] = [ ✗☐
= Xo

,
- - -

,
XN -- XN

,
Yo -_ yo ,

-
- -

,
YN =

you]

Q : What is the probability of ( yay , , . . . yn ) given that

we observe (Ko ,
x

, , - - -

,
✗ n ) ?

Using the above notation
, we

have to compute

tplylx ] = EH] - ?

We know that LPIX , y ] =P / yoleyolx.JP/yo.yi)ey.lxi)---piyn-i.yn)eynHN )



The forwards algorithm
Direct way of Computing P[ × ]

LPIX] = -2 Et ✗ iy ]
YE SINAI

Problem: Computational'y infusible ~ NISIN computations

grows exponentiel/y fast with N

The forward algorithm allows to compute Pfx] in

polynomial time .

Fix observe d sequence
✗ = (Ko ,

x ,
,
_ _ , xn ) .

For any y es

and ne { 0,1 , . . . ,
N } define the probability

✗
n
(y )

= [ ✗ ☐
= Xo

,

✗ i=x , ,
- -

,
✗n = ✗ n , Yn = y ]

that first n observations occurred and the hidden state isy .



The forwards algorithm
Then

Lnt , (y
' ) = # [ ✗☐

= Xo
,
✗ 1=2 , ,

. . .

,
✗n=xn

,
✗n+ , = Xnti ,

Ynt , = y
' ]

= [ [ ✗0=10 ,
. . -

,

Xn = xn
,
Yn -- y ,

Xnti = anti
,
Ynti --

y
'

]
yes

Now condition on Xo
,
Xi

, - -
-

,
✗ n

, Yn

[ ✗☐
= Xo

,
✗ 1=2 , ,

. . .

,
✗n=xn

, Yn=y ,
✗nt , = Xnti ,

Ynt , = y
' ]

=P / Xnt , = ✗nn ,
Ynti - y

" / ✗ ☐
= Xo

,
✗

,
-

- xp
, _
_ ,
✗ n -_ Xn , Yh = y ]

✗ [ ✗ ☐
= xo

,
X

,
-

- xp
. .
- ,
✗ n -_ xn ,

Yn -- y ]

=P / ✗nu -- anti , Ynti - y
' / ✗ ☐

= ✗ o ,
X

,
-

- xp
, _
_ ,
✗ n -_ xn ,

Yn -- y ] ✗nly )

Lemma 16.5 Let Zn = (✗n , Yn) be Markov Chain
.
Then

( Zn (anti
, y

' ) 1×0--701×1=4 ,
. . .

,
✗n=xn

, Yn=y ]
= [ Znt , = Anti , y ' ) / Zn = (xniy ) ]



The forwards algorithm
Therefore

,

✗nn ( y
' ) = [ P[ Znt , = (anti , y

'

) / Zn -- (xniy ) ] dnly )
yes

= -2 plyiy
' ) ey

' (anti ) tn (y )
y es

= ey ' (anti ) E plyiy
' ) tn ( y ) (* )

yes

and we can Compute
[ × ] = [ [ ✗0=10,4--74 ,

-

,
Xn -_ xn

,
YN --y ] = [ ✗µ (y ) (** )

yes YES

Complexity of the forwards algorithm :

-
• xoly ) =P / ✗ ☐

= Xo .
Yo -_ y ] = LPIYO -- y ] eylxo )

• By (* ) we heed 21s / Operations to Compute in (y )
• By (**) we have to Compute Xnly ) for all n , y ~ NISÎ



Proof of Lemma 16.5

( Zn (anti
, y

' ) / ✗☐
= Xo

,
✗1=4

,
. . .

,
✗ n = xn , Yn=y ]

[ ✗ o = Xo ,
- - - , ✗nt , = Xnti , Yn = y ,

Yhtl = y
'

]
=

[ ✗ o
= Xo

, -
- -

,
Xn = Xn

, Yh
-
-

y ]

P [ ✗ ☐
= Xo

, ✗ , = Xi , . . _

, ✗n = xn ,
Yn = y ,

✗ nt , = Xnti ,
Yntl = Y

' ]

= [ [ 2- ☐

= ( xoiyo) ,
- -
-

,
Zn = (xniy ) ,

Znt , = (anti , y
'

) ]
Yo ,

-- -

, Yn- l

= [ Pf Znt , = (xnti
, y

' ) / Zn = txniy) ) E / 2- ☐
=/xoiyo )

,

- -

,
Zn = txniy)]

Yo ,
- -iyn- t

= fZn+ ,
= ( anti

, y
' ) / Zn = (✗ n , y) ] [ ✗ix. , Xixi , . . - , Xn = ✗ n , Yn =y ]

DU


