
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 6 is due on Friday, March 4, 11:59 PM

Today: Birth and death chains
Recurrence and transience
Stationary distribution

@



Recurrence and transi en ce

Jef 21.2 Let (✗tt >
-

-
o
be a continuous - time MC with state space

5
,

and Iet its
.

het Ti = min {TIJ ,
: ✗+ = i }

.

The state i is call ed transient if Pilli < a ] < 1

récurrent if PifTico ] =L

positive récurrent if Ei [ Ti ] < a

• i is récurrent ( transient ) for (Xt ) if i is récurrent (Transient)

for the embedded jump Chain (Yn )
✗ t revisits i infinite ly many times

if Yn revisits i infinite ly many times

Ti = min { J " : 1<>-1
,
✗ Ju = i }

• Positive recurrence fakes into accolent now long it fakes to
revisit i



Recurrenceforbirthanddeathchainsethtlts.iobe a birth and death chain with parameters
di = qliiiti ) > o for i > 0 , ni = q (

i
,
i - i ) > o .

for i ? I

✗ 2

-À

i-i-i-i-i-s-n.nlM3 µ 5

(Xt) is irréductible (all di > o
, ni

> o )
,
so it is enough to

analyse one state for recurrence /transi ence ( fake state o )
.

Similar /y as for the discrete - time MC
,
dénote

hci ) : = Ri [ 7 t > o : ✗ + = o ]

Then

{
hlo" '

FSA hci ) = [ Eilat :O :X 0 / ✗ si ,
-
- j ] Bills ,

-

- j ] ,

i > 0

j' °



Recurrence for birth and death chains

Bythestrongtlarkovproperty
hli ) = E

j , ,
plij ) hij ) ,

izi (* )

Recall that pli.jt-qli.it/q( i ) ,

so ¢ ) becomes

di hliti ) +Mihli - i )hli)=jÈ9qË hlj ) = µi ditjui

We can rewrite this using the differences

hliti) - hh
'

) = ,Ë [ hli ) -Hi - i ) ]

Applying the above identities recursively gives
hein ) - Hi ) = Chin - ho ) )

= pi ( ha ) - hio)] III



Recurrenceforbirthanddeathchains-nftertakingtheparti.atsums

n- l n - l

hln) - hlo ) = [ [ h (in ) - hli ) ] = ( ha ) - hio)] -2 pi
i -_ o i -_ o

o

• if Zpi = - ,
then ha ) - hlo)=o

,

and tn > i Hh ) -- Ho) =\
i=o

↳ (Xt) is récurrent

a

• if Zpi < • ,
we heed to find the minimal solution (Thm 7- o )

l' = o

which is achieved when hlo) - ha) =
#
Epi
E- o

Then ha) = 1- Épi < I and (Xe ) is transient .

i- o



Example : MIM / 1 queue Ing system
consider the birth and death Chain with did and µ i.µ
( constant and non - Zero )

.

Model for a System where

jobs (customer ) arrive cet Poisson ian times (at rate d)
,

queue up ,
and are executed (served ) in the arder they

arrived at rate
µ .

il

→À À
L'←

. - -

µ µ µ µ µ

The process (Xt )
is the number of jobs (customer ) in the

queue
at time t

. From the previous example
a

pi
= ,Ë=(Ë ,

and thus ËÎ (f)i-oifq.li?-(f-)icaif µ < a



Stationary distribution
Def 22.1 Let (Xt ) be a continuous - time MC with

transition rates qcij ) . A probability distribution it is

call ed stationary (or invariant ) if for each state j

q
(j )Nj ) = ? Ili ) qlij )

Or in terms of the infinitésimal generator
TA = 0

Remark If (Yn ) is the correspond ing embedded Jump
Chain

, then the stationary distributions for (Xt ) and ( Yn )

are not the same (and do not necessarily exist simultanéously) .

Set it / i ) = qu' ici ) .

Then ÎLI ) = qljltcjt.FI ( i ) 9
' "

= ? Ici ) pcij )
It may

be that [ Ali) < a ,
but IÎLI ) = a .



Stationary distributionThmzz.sket (Xt ) tao be a continuous time non - explosive MC
,

and suppose that I is a stationary distribution for (Xt)
.

1f DIX . -- j ] = Mj ) for all states j ,
then [✗+ =j ]

-

_ Mj ) t > o

Iref ( for finite state space ) Fix State j - £+17 = AH

¥ .ph/+=jJ--gd-t-Z-PlXo=i)-PlXt=jlXo=i)--ad-+?Tli)pt(i.j)--.-ZIliad-+ ptliij )

By Kolmogorov 's backward Equation

¥ ptliij ) = ,¥ , qciik ) pt ( K.j )
-

q (i ) pt ( i.j )

Fmi )# ptlij ) = ?
T'i )? qliiklptlkj ) - ? Ni / qlilpt ( i. j )

= È ? Ici / qliik ) pt (kj ) - F q'i ) pi
- ( i. j ) Ili )

= { qck) Ilk ) pt (kj) - ? qlittlilpc-li.si/--o ☐•



Example : Irréductible birth and death Chain

Let (Xt ) be an irréductible birth and death chain
.

Il ✗ 2À-- À di > ☐

←
. - -

ni > o
M ' Ne µ >

Equations : dotto ) -_ µ .IT
' ' )

,
(dj +Mj )Il;) = fejtiltljtl ) + dj- IIII

- i )

Rewrite

{
,

do " '" --µ .
" ")

fejtiltljti ) - fejltlj ) = djitlj ) -dj.IT/j-i)j--l:pezITl2) -µ .
Il 1) = di Ill ) - do Ilo ) = dit / 1) qui

ITU )

; Matti) = d ' "' ' ) (⇒ * (ja) ,

# g) = Ïo )
tej + iltljt

' ) = djitlj ) µj+ , -
-µ

Set 0-0=1
.
Then Mj ) =D,

- Mo ) for all j , and the stationary
a

distribution exists Iff -20J < • , in which case Ho ) = ÉE
j-- o j»



Example : MIM / 1 queue

Let (Xt ) be an MIMII queue

à
← ÷

. . .

µ

From the previous example

☐ = = # I
The stationary distribution exists if Î i

< a

j=o

Î '
< a iff ✗ < µ in which case Ê¥Ï=j -- o j»

and IT (o) = t - ¥
+(j )

-

- OJITO =/§ )
"

/ 1- ¥ ) ← sGeom( ¥ )



Example : MIM / • queue
Queue with infinite Ig many Servers

i di =D
→À
°

-
'

¥#¥
. - -

µ :-. in
µ 5M

Repeating the same argument as in the previous example

9- = =/ÊÏË
ÎOI = -2¥ )iË. = EÎ < a for all d >au > o ,

so the

i -- o j :O

stationary distribution aiways exists

Mo ) -- e- Î
, Mj ) = (¥)iéÎ ← Pois ( In )


