MATH 285: Stochastic Processes

Today: Martingales.
Doob's maximal inequality

» Homework 6 is due on Friday, March 4, 11:59 PM



Mortingales

Ded 241 A discrete - fime mar+injo_(e s o stochastic process
(XY nso which  satisfies [E[]an] ¢o  gnd
El X [ Xg, ey Xa ] = X for all n2o0

Thm 2.8 (OP'\'(OY\O&_l sa.mpling fheorem )
Let (Xn)mo be o martingale , and let T be o finite stopping
fime . Suppaose thot eithee
(1) T is bounded : 3 Nz st. P[TeNY=( " or
(2) (An)g,per is bounded: 3 Bee st PLIN[4B for al neT)=|
Then  E[X7)= E[X].




Exomple
EX&MP\Q 25,1 Let ()Qv\) be @ SSRW on Z conditioned 4o

sfort od Ko=) Lor come je o Ny (Xa) s o Ma-r+inja_|e_.
Denofe  Ty:= = (stopping Himes),
\We. comFu:\e.é using  the -ﬁrsji—s*e‘) aune.lysis -
Another approach: use he opfional sampling Aheorem.

(Kn) s & martingale

6 £XneN Hor all oeneT

By Hhe Optiona| sampling Fheorem

X7 Folkes 4o volues | S0 [NRSBE

so PIXr=N)= | P(Xq=0)-= . F'\m\ljl

P[XAv=N])s  P(Xs=0]=



Ex&mp\e_
LQ,*. XI....l Xh et

E(\Xh\-l( b |, E{-Xh-):/k 'For all o . and d?_no'\’e CShni= Xyt + Xn

be oo sequence of 1.1.d. random Variablks with

and
T\’\U\ E(‘Mhl] <
E[ Mesy | Moo, Mo )

1

E[ M\ \Hb] = _ (Mh) s oo mar'\'(nﬁm\g ,
I_et T be a bowndeé SJ(OFP\nj *Hme_ —(or (Xh) (thl ‘For (Mn)j.
Then bj 1he O\y\'ioha\ So‘mPH“S fheorem

T\'\QTQ‘Q ofe )



Smbmar‘ringu\es /swPermar+{nqm(es

A stochastic process (Xn) s called
N suqurJr\'nja\Q o E(Xnn [ Xern Xn) 2 X for all n
o supecmartingale B Xon | Xopory Xn] € Xn foe all n

We uwse (swb) mqr\—(nﬂq\es 4o ectablish the moaximal
‘f\QﬂMO\\i‘\'(tS. Recall the Markov's inec]uq(i+j - Yaso

ln Far\—'\cu\qr o (e s S&meqr'\’(hjq(i ind Xnto ,dhen
{or oy Lén P{X 207 ¢

ln fact @ errov\jq“ stotement holds .



Doob's maximal '\V\equ\o\\{*j
_H'\m 253 (et (Xh) be o hOhvhejo\‘H\Ie Submar{—}njq\e.

T\'\Q_Y\ 'FOF OJf\j Q>0

Poof Let Ti= , o Stopping Hime.
A= {T= kB =
Since XnEO\ Ean]Z

E(Xn ] =



Doob's maximal \M(}ua\ﬁw
Lemmo 25.4 Let (Xv\\ be o MQF‘\"Y\S&\C ' ond Iﬁ-t -F‘R-e“z

be o such Thot EH—F(Xnﬂ]Am foc ol n.
Then

Prood Exercise.

Coro\\arx‘ 25.S et (Xn) be o hr\oLrJ\'inja.\el let r21, ab2o.

Then

U) ﬂ)[ W\O\XQXOPM‘X“B?Q‘) <
(W) Pl mox { Xo,.-, Xn} 2a| ¢

Pr‘oo‘g _ \? rt21, ‘H'yzh —F(’L) = |x|" S e onvex —ru_nc‘hon,

ng Lemmoa 25.4 (‘X“\T) S O novx—he_jo&i\m 8\xbv\/\ar¥\n3q(q,



Doob's Mool \nequ&\iﬂ

Fix a>o. [{ XK’—Q ' then There fore |

[P[ me{Xol...,Xn SZQ] LS

LS

Thc second ineﬂual(‘(J 1 S)(‘O\IQ(/\ us\hj a Similac eru_me.h,’l'.
|

E)(OJY\P\?. 2s.6 LC{: X,,Xz,... be_ \\A SJmme+r;c BQ(V\OL&“\'

random variables . (Gn) s & mactingale.
Ta_\(e (ii) A Coro\\arj 2S.S w\‘t‘q b= G = . So That
P{ max{Se,. Sn) 2 am] ¢

Now H:_[ ém/r.-,] =
Theve{:o“e‘ —(-\or Qw:j n



