
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 2 is due on Friday, January 21 11:59 PM

Today: Periodic, aperiodic, reducible, 
irreducible Markov chains

          

@



First step analysis
Let (Xn) be a MC with state spaces and transition matrix P.

Let ACS , ta = min { n > o : Xn c- A }
,
and denote

n'Yi) : = Pi [ ta < a ] ( as in lectures with B =P
,
so that tp = a)

Then ( lecture 2) halil satisfis the system of linear equations

h
#

( i ) = I if i c- A

(*) { HA ( i ) = [ pli .;) HAIJ ) if i # A

JES

The solution May
be not unique .

Theorem70_ The vector of hitting probabilités ( h
#
( i )

,

ie s )

is the

(Minimal : if (✗ (i) , its ) satisfis (* ) and ✗ (i ) > o ti , then xii )>Hi ))
tri



First Stepanalysis7-fo-minim-ityi.tt (xii ) , its ) be a nonnégative
solution to (* ) . Then x ( i) = I for all it A (so ✗ ( i) > HACI ))
For all i # A

✗ ( i ) = [ plij)xj =

÷

=

=

=

=

⇒ Vie A ✗ ( i) > Pitta En] ⇒



First step analysis
Denote GTi )- Eil TA ] ( meam hitting / absorption time)

Theorem 7.0
'

The rector of meam hitting times (gki ) ,
ies )

is the the to the system of

linear equations
gci ) = lt.ge?spliij)glj)ifieA{ gli ) = o if it A

Prout : Exercise .



Stationary distribution

Stationary distribution

1T = IP

\ 1 : Existence of the stationary distribution

Qz ! Unique ness of the stationary distribution

Q 3 : Convergence to the stationary distribution



General Markov Chain with finite state space

Let (Xn ) be a MC with finite state space 5.

Suppose that a- = PIT
,
P = QDQ

"

such that

* | D. =/
' ° - i - o

① =/
,

! * | À :-|
"

q µ | ,

lim Mn -_ 0 (**)
: n → a

:O

Then timp? tim QD
"

Q
"

=p ! "
-

m .
* Il ! Il :-/ =/ |n → a

Enough to have the following : ( use Jordan normal form )

i ) T is a simple eigenvalue ( T is aiways an eigenvalue

since (P1) ; = [ plij ) = I
,
so PH --

, =/ ! ) is an e. F.)
j

2) There is a Ietf eigenvector of I with all nonnégative entries

3) 1f dis an eigenvalue of P and D= I
,
then Id / < |



Perron - Frobenius theorem

theorem 6.5 Let M be an Nx N matrix all of whose

entries are strict/
y positive .

Then

More over
,

eigen space contains a vector with

. Finally ,

Prof
.

No pro
of Ea

het P be a stochastic matrix with all strict /y positive entries .
Then

,

therefore I is the PF eigenvalue :

with ( left ) eigenvector IT with If (Xn) is

a MC with transition matrix P
,
then



Perron - Frobenius Theorem

Enough if I no > o st .

all entries of pro are

strict 'y positive .

Corolla ry 6.6 Let P be a stochastic matrix s.t. there

exists no c- À for which

Then there exists a unique stationary distribution
-

and for any distribution

V.pro#
.

Use the fact that if J' D= ✗¥
,
then

so P
"

has the same eigenvectors as P
,
and eigenvalues are n - th

powers
of eigemralues of P . By PF -1hm

,
I is ev of Pn with

eis IT and I
,
therefore

If d is ev of P and d # 1
. . By PF

,
therefore .

We conclu de that P satisfis



Stationary distribution and long - rien behavior

Trop .

7.1 1-et (Xn ) be a MC with finite state space S .

Suppose that there exists no c- s
-

t /P
"

] so for all i.je s

Then for each j , Hj ) is equal to the

Proof
.

E- ( ¥ Ëo# {✗k=j} ] =

=

By Cor
.

6.6
, ,

for all jes and To .

Therefore
, [ if an → a. nan ,

then n' ÊÇK → a ]
n →-



Stationary distribution and expected return times

Recall that Tiradentes the time of the Kth visit to state i
.

Ti
,
KH =

Tin are shopping Times .

Dénote
i_Ë

:

YK =
,

IL = Il 2 , - - -
y ,

Tin yzti? y
,

Ti
, 4

M

Then by the strong Markov property
{ Yk } Ê , is a collection of i. i. d. random variables

m m

YK ~
.

Notice that ¥
,

Yu = [ Tian -Tik =

14=1

-1m Ti , ma =
,

m → •
,
So Ti

, MH
=

Jake m large ,

and Iet n = m Efti ]
.

Then
n

so §
.

#
{Xiii} .

Then mn =



Periodic and aperiodic chains

het (Xn ) be a MC with state space Sand transition

probability plij ) .

Det
.

For ies
,

dénote Ji : =
.

We call

d ( i ) : =

I pelo ,
/ )'

•

•
z

'
•÷
,

'
•

a

•

a

J ,
= J

,
=

' P

J
,
= J , =

d ( i ) =
d (1) = d (1) =

DI 1f dli ) =/ for all its ,
then (Xn ) is ca / Ied



eriodic and aperiodic chains

Lemma 7.2 If P is the transition matrix for an irredusibk

Markov Chain
,
then for all states i.j .

Proof Fix Ies .

-

(1) 1f mine Ji
,
then

(2) Let D= dci )
.

Tien (definition of dCi ) )

Take j' =/ i.

(3) P irréductible ⇒ 3 m , ns.t.pmli.j ) > 0 , pncj , i ) > 0 .

(2)

⇒ pmtn ( i. i ) > o ⇒ ⇒

(4) 1f le Jj ,

then peljj ) > o and thus

⇒ ⇒ ⇒

⇒ dis a Common diviser of Jj ⇒
(5) Swap i and j : J q, c- NS.t.dcil-qzdlj ) dci ) = dlj )



RW on bipartite graphs
-

✗ample 7.3 et G = ( V ,
E ) be finite Connected graph .

• SRW on G is irréductible ( all vertices have the same

period ) - we call the common period the period of MC

. For any i -j plij ) > 0 . plj , i ) > o ,
so pali , i ) > 0,2£ Ji

⇒ dCi ) £2

• Period is 2 iff

Y = V , UK
,

Ec /V1 ✗ V2 UVZXV , )
V = Z

,
V ,
= even members

:¥Va = add members •

.

•

:



lrredu cible aperiodic Markov Chains

theorem 7.4 et P be a transition matrix for a

finite - state
,
irréductible

,
aperiodic Markov Chain .

Then

there exists a unique stationary distribution 1T
,
F- IP

,

and for any initial probability distribution 0

Iim JP
"

= I
h → •

Procol . (1) By PF theorem , enough to show that there exists

no > o s
.

t.lt i. j Fix i. je 5

(2) d ( i ) = | (aperiodic) ⇒ 7 Mis .

t
. Ji contains all n > Mi

↳ pn ( i. i ) >Ô
(3) irredu cible ⇒ 7 mij sit . pmijliij ) > 0

(2) + (3) :

Jake no = max ( Mi + mij ) ⇒
i. j Ba



Redu cible Markov Chains

ot irredu cible MC = reducible MC

Def 7.5
_

et (Xn) be a MC with state space 5 .

We sag that states i and j ,
de noted

,

if there exists n.me/-N-utols.t . and
.

I pelo ,
/ )'

•

•
z

'
•÷
,

'
•

a

•

a
l p

Lemma 7.6 Relation ⇒ on S is an Equivalence relation .

( reflex ivity ,
i ⇐ i ) poli , i ) -- I ,

so i ⇐ i

( Symmetry ,
l'⇐j ⇒ j' ⇐ i ) Follows from Def 7.5

( transi tivity , i⇐j,j⇐k⇒i⇒k ) inij : pnlij ) > 0 , pmljii ) > o

j'→ K : pniljik) > 0 , pmilkij ) > o .

Then
Ba



Communication classes

Equivalence relation ⇐ splits the state space
into

communication classes ( sets of states that communicante

with each other )
.

pt ( Oil )
l'

•

•
z

'
•÷
,

'
•

a

•

•
z { 1,2 }{ t } , { 2 } { t }

, { il l p
{ 1,2 }

MC is irréductible Iff it consists of one communication class

class properties :

- transience or recurrence : either all states in one

class are transient (class ) or all are récurrent (class )

- period iCity : all states in one class have the

same period



Communication classes

suppose i and j be long to different classes .

• 1f p ( i. j ) > o ,
then for all ne ☒ ( otherwise

i ⇐ j .

• 1f pli , ;) > o and pnlj , i ) -- o for all ne ,
then

pif ✗ n = i for infinite /y many n ] E ,

and thus I is transient

• Therefore , if i and j be long to different classes
and i is récurrent

,
then ( once in a

récurrent class
,
MC stags there forever )

If we split the state space into communication classes
,

with Re denoting récurrent classes , then the transition
matrix has the following farm



Communication classes

- -

Pi submatrix for the
> :

-

t
- i - - - -

0 récurrent class Ri
1Pa '

i O
- - t - -

i Ps i

p = Pi is a stochastic matrix
,- ti

.

.

0 - t - -

we can consider it as ce
' Pr

Markov Chain on Ri
S Q

- -


