MATH 285: Stochastic Processes

Today: Periodic, aperiodic, reducible,
iIrreducible Markov chains

Homework 2 is due on Friday, January 21 11:59 PM



First step analysis

ek (xr\\ b‘e o MCV wrth stote space S and Aransition matnx P
Let AcS, Ta=mn{n0o: XneAy  ond denote

WO = Pl tazee | (o5 inlctures with B=@ so that Tg = o)

Then (\ec.‘tu_re 7) \'\k(ﬂ sotisfies the sjs’rem of  lineacr equactions

W () = f e A
(*X N .- A N .
M) = 2 PLj) h(§) W EA

jes
The solution may be not whnique .

Theorem 3.0 The veetor of hithing  probabilities (ha), te 5)
is The

(Mm\wxa\: i (:LLC)lCeS\ sotisfies (k) and x@)20 Vi, then x(g;hp‘(i))




Ficst step onalysis
Fool of m‘m§m°-\\.+j‘- Let (x) (€S) be a nohneja+'\V&

solution 4o (%). Then x()=1 Hor all e A (50 1(632"\&0‘»
For all (€A
(D) = 2 \3 31 =

JES

—>7VL¢A 1(\)> N Taen)



Ficst step omnalysis
A . e
Denote 8(L):= . { T.A] (Me_o.h h‘Hmj /absm‘sﬂ'foh ‘*ime)

Theorem 3.0 The vechor of mean h'\*’rmﬁ times (j’o‘u)l(‘eS)
s fhe e Yo the systom o

\\neor e,c]uo\'('l'o'f\s

9l - \+)%s DIy gG) o (EA

%(L):O e A

Proo‘g v Exercise .




Stationary distelbwtion
Statio noLry dis e bution

T=TP
QA+ Existence of The S*Cx'i'\'ohq.r:j disteibution
Q2 uh(ﬂueness of Fhe shotfio 0oy dis e bution

SEN Convq,(jcmce fo  The S‘rocﬁonMJ distebafion



Gehe,ra,\ Mom\Lov c‘r\a(n wv\‘t\f\ Fin(JYP- S’\'Q+€ SPQCG_
Let (Xr\\ be oo MC with finife state s pace S,

Swﬂoose fhat Tw=Pm - Ps= QDQ‘\ such fhet

! -\ T | 0--- O i\
Q?—{I * } Q=[ % ‘X D=[c:) " }\ lh\‘:r\MM=O(%%>
l 0

To P ln @SS T[T ][ T
Ehouﬁ\'\ _\'0 kO\\JQ 'ﬂ\e 'go\\owihgt (use_ Jorciom noqu\ *FD(M)

D 1 & a s\mP\e e.[jen\rcx\ue (17 Q,\chjs on e_\'@eh\ra\u\e
Since (\)’]l35= ZP(Q\):\ ,so PA=4 ’ll’(';\fs an e.7.>
J
9) There is o lelf e,iaenw_d'or of | with all nomﬂ43q+ive entcles

’_ﬂ I A s an e\genua\ue of P and )\:II—h\Qv\ [A] ¢ |



P rron - Frobenius theorem

Theorem 6.5 Let M be an NN matrx ol of whose

entres are s’rr{d’\j FosH"\\re_ Then

§4oceoer‘
e_(fjens\:cxce. contoeins a. vector ith

: r\ho\ujl
Proog. Mo (ZWODQ ||

Let P be a stochastic matex with all sh\(c-Hj PosH’N& entries
Then Ctherefoe | is fhe PF eigenvalue :

with (left) eigenvector T with £ (K ) s
o MC with transition mafeix P fhen



Porcon - Frobenius Theorem

Ehouﬁk \f J neso g1, all entCies of Pr\o L
SJYFiC‘Hj ?os'\‘ﬂ\fe.

Co(‘ouark-] 6.6 {__g-(—_ P be « s‘foc_"\Q.SJrfc ma’(‘(\\x s . The,m
exasts n.e N fHe which

Then there exists « um'cjue s‘ra+ionqr\j disteibution -
and for ony distecba fion 3.

Proof  Use the fact dhad & Y P= AT, then

50 P has the same e_(jen\!e_c,"'ors as P ound e_(jav\du\ues are n-th
Dow exs of Q_\‘jewq.\ues of P By PF thm, 1 is ev of P" with
eVs T and 4 Therefore

£ N is evof P and A#4 |  ba PF
,'ﬁ\zre—pot‘e . WNe Conc‘ucle fhat P SQ’{(SBQS




SHtationa £y disteibution and o ng - run be hovior
PFOF. F.1 Let (Kh) be oo MC with {inite stote Spoce S
SUVPF ose. Tthat Tthere exists n.e N st {P%] G so for all "'J‘ e S

Then Hfor eoach :3) Tx(j) 'S eﬁua_l 4o fhe

Prooaf
H he kzo/]l{)(u. :331 T
Bj CQV. G'Q, : ‘Pof all :}— and L

T‘\U‘L‘FOFQ) [\-F Qn >0, NnAHo hew hZaL»q}

=1



Sﬂq_'h'or\ogrﬂ dicteibution and exPec’\‘aé cetucn  Fimes

Recall that Tin denotes fhe Fime of *he k-th wisid 4o state C.

TC.\LH =

Tew ore stopping times . Denote ‘T
YK = k=12 --- Y T \/z—T“.’5 \/_5 Ty N

Then bj fhe sJﬁ‘onj Mooy ProPerJrj

{Y\L(j:;\ s o collection of ii.d. random variables

m m

\/‘L o~ . NO“_ICC "“\0\'\' Z Y‘L = Z_—rl..JLH"TE‘P- =
L=y =1

YJV;Tl:,M-(—]-_- ) m — ©° , So —R.MH =

Toke wm \ar%e ond let n=m E(T) . Then
50 D /u{xvﬁiﬁ . Then ™M*t.

w=o n



Periodic  ond cLFem'od{c chans
\_QJQ (XV\) bQ G MC wan\ S‘\'OC\'Q. SPQCQ S Cknc:l, +rqn5\'+\'0h
P(‘ob&bi\\‘{*n P(“J)

De'( ) For f&gl denote 3[:'—’ - WNe Cq,l\
c\(()::
‘ e \.,lﬂ\ l./‘ﬂ‘ | f\ﬂ‘ PE(OJ)
L °
Ji= iRE ERERE "% Kp"‘
40 = Ji- 3=
d(1) = d()=

Dé I dO)=1 dor all €S, then (Xn) s called



Pe riodic and operiodic chains

| emmo. 7.2 | £ P is the Fconsition matex for on irtedusible

Mackoy chain ““\QY\ for ol states Cj.
Proot  Fix (€S,
£ mone 30 then
let d=d0) . Then (definition of dCi))
Ta ke J?‘-L.
P irreducible = 3 m,n s.t. Pm ((,J‘)>o, Pn (d((,)>o.
= Pmen (G)>o0 = =
£ Qe Ij ,then p(ji)>0 and thus
= = =

= dis o common divisor O‘F JJ =
Swa.\: { and jr 3qeN st d(0)=94G) = )= df)



RW on b{Fmr+{Jre 3(‘&\31&5

EXOLMP\Q_ 1.3 | et 6=(\llE) be finite connected j(‘&fh.
o SRW on G is irreducible (all verfices hove The soome

?Q,F;Ocl) — we coll fthe common Pu‘iod the Per{ncl of MC
o For a-ny (Nj PUKj))O ( \D(j.()>o  so Pali)>0,2¢ 3]
= d) £2
o Period s 2 iff
V=V, U\, , E C(\I\X\b_ J \sz\h\
N= Z N =even numbers

N2 = odd nuwmbers T



lrreducible O.P@r(ocll‘c, Mackov chauns
Theotem %4 Let P be o Aronsition matax for a
Linite- state ( irceduci ble

&_Pe,r*(o&\“c, Mooy choain, Then

FHhere  exists o Uun(cTue_ sta fiona cy disteibatlon . =" P’
and  for any 1nytiod Probcx bl\H‘d dis e bafion v
im VP =T

h— >

_P_(:EB:&:—- Bj PF —\'\nzo(‘ew\\ enous‘r\ 40 show 'H'\o\+ ‘{"Y\Ue le'S’k'S
nevo s t. Y Lj Fix C.jeS
d() = | (&\De.riocl{cﬁ S A M s.t. I contans aldl nz M.

. ‘ L Paltil)>0
irceducible 3 3 N s.t. Pm‘.&(t‘(j>>o

Take Ny = mox (M +vv\.'3> =
) a



Reducible Markov chains
Not irreducible MC = reducible MC
Def 3.5 | ot O(.,\) be o MC with state space .

We say  that states ¢ and | . dencted

if fhece exists nyme Nulys. t. on d

' o \.,——‘\‘ |./—‘\‘ |.,_—‘\ Pe(°")
°, o, k\,o& \P_,o&

Lemma 3.¢  Relafion < on S is on ecIu\vu\ence telation.

(re?[exi\t\“rj, Lad) PQ(C‘C)=\ (50 Lot
(SUV‘AW\QJle Lej =>J<—>L) Follows ¥com Ded 3.5
(‘Vrc&V\E\\’NH‘J ( [ejljak = L@k) Lé—)j : Fn(\‘.j)vo‘ \DM (j'()>°

ek pu(k)>o pm (ki))>0  Then y



Communication closses

Eﬂ\k(\f&"QV\CL rlotion < SP\\"\'S ‘\'he 5*0{‘“& SFch_ into

commu.n[caﬂow C.\QQS-QS (se‘\‘s o{' S+Q'\'€S 'H'\o\‘} Commun | cote

with zoch DJ(\'\U‘\)_

‘ \
o | | I

Pe(otl>

\
{"25
MC is irceducible HF + consists of one communicotion clags
Class ProPar{-\"eSs
— Yronsience of recwrrence : either oll stofes Ln one
ass cre Fransient (duss) or all are rewncrent (c(&ss)
_ Pe,riod(c(JrJg oll stotes in one class hove fhe

So.We PQ,("LOA



Commuwnicotion clogses

Sup?ose L ond ] be\or\S 4o diffecant closses.
1t p(Gj)ve then for all ne N  (oftherwise
ey,
\f P((.j)>o and pLj.)=0 for all ne N | then
2 An = C for ir\Fl‘nI‘relj mony n < |
and  thus 3 IS transient
Therefore, f  and ) bz\ons 4o different closses
ond L 15 cecurrent, Then (once o
recurrent class | MC s’mjs there forever)
H: we SF\\* ﬂ\e sfate quc_e_ into communication cl&SSes,

With Re denoting cewurrent closses, Thew the trawsitiou
W\Gs‘\‘(\»i hos 'ﬁr\ﬂ lom\vxj ":orm



Communicotion classes

R

Pi subm otrix ’ﬁ)r 'Hf\e

recurcent class R

Pl s o stochastic matrix,
we con consider (+ as

Markoy chain on R:



