
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 5:

homework 4 (due Friday, October 27)

regrades of Midterm 1 on Gradescope until October 29

Today: Functions of two variables

Next: Strang 4.2

:



functionsoftwovariablesdef.ltfunction of two variables maps
each ordered

pair ( xiy ) in a Subset DCR
'

to a unique real number
2- = flxiy ) .

The set D is Callet the domain of the

function
.

The range of f is the set of all real number

z that has at least one ordered pair (x , g)ED St . flxiy ) - Z.

÷

domain range

If not specified ,
we chose the domain to be the set of

all pairs (x , y) for which fi . y ) is Welt - defined
.



Functions of two variables

Example - ind the domain and range of the function

ft , g) = V4-xÎ
Domain - One restriction : the number ander the square

root has to be nonnégative ,

i. e.
,

The set of all pairs (a.g) c- À such that

is a

The domain of f is
«y

Range . For (xiy ) in the domain

the range 0f Ity
' is

'

a
à

the range 0f 4- x2 - y
' is

the range
0f V4 - si -5 is



Graph of a function of two variables
Function f of two variables : Maps each pair (xiy )

from its domain to a real number 2- = flxiy ) .

The graph of f consists of ordered triples (xiy-lx.gs )
for all (xiy ) in the domain of f. We call the graph of

a function of two variables a surface
.

Example flxiy ) = V4-xÎ ,

dom (f) = { (xiy ) l x
>
+ y
'
≤ 4 }

Graph off consists of all fxiy , e) c- À

such that 2- =FEY ,
or

- Equation ◦ta



Level Curves

Def Given a function flxiy ) and a number C in the

range of f ,
a level Curve of a function of two variables

for the value c is defined to be

2£}

Example flxiyj-V4-x.TL à

Range 0f f is [ 0,2 ]
,

Jake
.
Then the level

Curve off for is defined

by

'

y



Functions of more than two variables

In a similar way we can define functions of more than

two variables
,
e.g. ,

functions of three variables :

Rs

.

R

domain range

to each point Hey ,
z ) in the domain assigna real

number flxiy ,
2- ) .

Example ftxiy ,
2- ) = i domain : all points Guy , 7) c- R

such that
,
i. e.



Limit of a function of two variables

Informa / / y means that flxiy ) get

Closer to L as (x, y ) get Closer to txoiyo ) .

We have to be Careful with what

"

Guy ) get Closer to ( Kayo )
"

Mears !
For example

, y

/et

• 1f Guy ) approaches (o.o ) a long
the line Tao ) x

• 1f Guy ) approaches (0,0 ) a long
the line



Limit of a function of two variables

Def Consider a point la , b) c- IR? A S - disk centered

at point (aib ) is the open disk of
radius 8 centered at (ad )

bf à

la

Def
.

The limit of flxiy ) as Guy ) approaches (xo , yo) is L

Iim flay) =L
(Xy)→ (Kayo )

if for each Eso there exists a small enough 8>0 such that

all points in a 8- disk around Kayo ) . except possible Kayo ) Itself ,

ffxiy) is no more than E away from L
.



Limit of a function of two variables

This definition ensure that if tim flay ) =L ,
then

(x , g)→ (Koiso)

any way
of approaching Cxo , yo) results in the same Limit L .

( Another ) example when the limit faits to exist :

• approach (o.o) ulong the

-

• approach (o.o ) a long the Curve



Computing Limit
.

Limit laws

Theorem 4.1 Let Iim flxiy ) =L ,
tim 9kg)=M

,
c- constant

(xiy)→ (aib) (Xiy)t(aib )

• Iim c= . Iim ✗ = . tim y =

(xiy )→ (ab) (Xy ) → (aib ) (xiyticaib)

• Iim ftp.y/t-glxiy))-- • tim [ flxiyglxiy )] =
(xiytilaib ) (Xy)→ Carb)

•
,

Iim tü
(Ky) → Ca ,b)

glxiy )
=

• Iim [ cflxiy ) ] =
G.g)→ (aib)

• Iim Iflxiy))? • Iim

Hy/ → (a.b)

À =

(Xy ) → (a.b)



Computing Iimits
.

Limit laws

E-✗amples TEY
Iim
(Hy)→ ( 1,2) (

X2 -1 xy + y3)
2

tim
=
HiÆ
Iim
""7)→ Ar)

(✗
"
+ "ytys )

'

=ÏÎ
( Iim [ si +xyty

?

] )
"

(Ky) → (421

V3 / imx - Iim y
=
ÜN

( ( Iim x )?- ( Iim
ix.4)→ai
F) ( "

"

m Y
a,,→ , , ,,

y)
»

)
?

lait-442) (✗g) → µ , , ,
) + ( tim

=

V3.17
( it 1.2+2312

=¥ =
1-

121



Continuity of functions of two variables

Def. A function fcxiy ) is continuous at a point Ca , b) if

( i )

( ii )

(Iii )

Properties
t

.
1f flxiy ) and glxiy ) are continuous at Ho , yo ) ,

then

is continuous at loco . yo )

2. 1f 4K) is continuous at do and Yly ) is continuous at yo ,

then is continuous at Ho , yo )



Continuity of functions of two variables

Properties (cont . )

3. 1f glxiy ) is continuous at (x . . yo ) ,

and FA ) is

continuous at 2-
◦
÷ gtxoiy . ) ,

then

is continuous at ⇔ . yo)

Au
&



Continuity of functions of two variables

⇔
Example

# + xy + y3)
2

:

Similarly ,

so

Jake Ho , yo )=(42) .


