MATH 10C: Calculus lll (Lecture B0O)

Today: Functions of two variables

Next: Strang 4.2

Week 5:
homework 4 (due Friday, October 27)

regrades of Midterm 1 on Gradescope until October 29



Functions of 4wo variables

Def. A function of 4wo variables ma.ps cach ordered
?Q\w (1\&3) in o subset DR 4o « u,n\'cxue_ rea| number
z=f£(xy) | The set D s called the domain of fhe
Lunction . The ro.nge of £ s the set of all ceo) numbers
2 fhat hos af feast one ordered PoJr (xiq)eD s.1. —F(n.ﬁ:z_

| Ll
R

mhja
domain

£ not s\Dec'nCIeé‘ we choose Ahe dowmoin Yo be the set of
ol pairs  (X.y) foc which £y) is well- defined,



Functions of fwo variobles

EXQW\\DlQ Fnd the domaoin ond ro.nge of The function
‘F(_ﬁ.\j)= \(‘-k-l’—:j"

Doh’\Q;h- Or\e FQS“"(‘L‘C“'(OHI ﬂ\e huuV\be_(‘ u_h&e_r 'H\( SCTU\ou(‘e

root  has 4o be nohnegotive e
The set of ol pa.is (u‘j)e\Rz such fhai
(S &
The domain of £ 15
anae - Foe (xy) in The domoun
the range of X'ty s
e Cange of q-x’—jz 'S
_H\( rom‘je of m 5




Grofh of o function of 4wo variables

\:uvnc'\'\\or\ -F of ‘tvdo vaclables - hno,?s each Pq\r (,x,:j)

from 1fs doman v o eal number 2:{(:&3)_

The 3rq‘>h of  { consists of ordered Aeiples (x(j(-F(ng,})
for all (xiy) in fhe domain of 7 We call the 3ra]3h ot
o function of fwo variabls & sucface.

E)«u.m?\e £ (xy)=\4y- ;t}-j" domn (£) = §(xy) 12+32£LI1J
Grufh owf -F consiSJrS 0‘( al( (I\*j.%)t ﬂ?
such fhat z=m’“( X

- e_ﬂuoﬂr\'on of a




level cuwrves
Def Given o function —F[x\j\ and a number ¢ in the
ronge of £, a level curve of a Hunction of fwo variables
for the value ¢ s defined o be

EXQ.W\P\Q, {(Lj) 3 \]q_ ;}-j-

R&hgc of £ 45 ro27,
Toke . Then he level
curve of £ for (s defined

"




Functions of mofe thon two variobles

lh o similar oy We can define functions of more fhan

fwo variables, eq., functions of  theee variables:

DR
R
doma.in fange
{o each PcinJr (xy,2) In the domoun QSS‘ljh o real
muv\be,( ‘F(.I\U( E).
Example flayz)= . domatn: all Po’\r\Jrs (xy,2)e R

Sud'\ ‘“\q* \.e.



\_{m{‘\ OWC G ’FLLHC+\5V1 o\c ‘h\Jo Jariob les

\r\‘errrna[lj Mmeans 'ﬂ\m\' ‘F(ij) 5e‘t§

closer 40 L o5 (1.33 je'f.s closer 4o (Xo,j°>‘
We howe to be carefwl with what

‘(1Y) 38'\'5 closec o (%o, \jo)“ Means |
J

For example

et
It (x9) Q\:Proqches (0,0) Qlonj

It () Qf?roqches (0,0) a|onj
the |ine




L{m{‘\ of «a functfion of dwo variables
Def Consider a \Do‘mjr (a.b)e R* A &-disk centered
ot ‘Do‘mjt (&\b) IS 'ﬂ\{ oxoeh disle «f rodius & centered ot (mb)

t

Q
_D_e_g__ The limit of F(ij) GS (awj) &pfroachqs (10‘303 s L
i -F(?hj):L
(1\j)_)(1°ljs)

if for cach €50 dhere exists a small e,houa\r\ >0 such thaf
all Po‘m“(s ih o B-disk oround (Xeys) jexcept possible (tuys)itself,
’F(’lﬂﬁ is no mofe hom & a0y fom L.



Limt of o function of 4wo variables
This definition ensures thot 1§ lim fE&y)=L, then

(—ll \j) - (xﬁl'jo)

oy way of mf&af‘oack(nﬂ (%o Yo ) resw|ts in the some (imit L.

(Another ) example when the limt Fails fo exist:

. &PP(‘OQC'!\ (o0.0) snj The

° &\DProuc\r\ (0\0) Qlovvj "\\\q curve



Computing limits. Limit laws
Theorem 4.1  Let lim fy) =L, im  9)= ™M | ¢ -constant

(x )= (ab) (Iq)—}(alb)
e |m c= ) l\m X = e lim y =
(xy)>(ab) (1\‘33 =+ (a.b) (1\‘3 )’7 (@b)
o lim [flxg)29(xy)] = o lim  [fly)gEy)l=
(Ltj)—)(ulb) j ] (‘1‘\1}—)(0\\3) \33 \D’S
\. ‘F(I\\))
® ™M —T

(1\‘5) ‘)(Q\b) 3 (th‘-j)

o lim [cfay)]s=
(‘1\\5)"’ (Q\‘o\

o lim  [FyT- o lim  Vfay) =

[I\"j) - (q\‘o) (I\\ﬂ - (°~\\’)3



Computing limits. Limit laws
Examples ey
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Con*(nu{{‘u] of functions of 4wo variables

Def. A function fxy) is continuous ot « point (a.b) if
()
(it )

(i )

Po _pe.r{'ies

1. | -F(I(u’) and 3(1(1) are confinuows aof (26, Y0) , then

s continwous at (. \j‘,)

2. 1§ w®) s continuous ad 2. and \P(‘j) (s coniibuous ok jgl

then & onfinuous ot (Xe 9 )



ConJr(nuH‘Lj of fnctions of Fwo vVoriables

Pro(?er{'(es (cont.)
5. [F gl s continuons ot (g) and £) s

continuwous af 2.:= 3(9(°(j.>‘ the in
iS Con‘HnuouS Q_'E (3&',‘3‘)




Con'“nu('h] 0{: ‘R\.hC'ho(/\S mc +wo \)OL,f‘l‘CL(D‘-QS

Example 13’1_3 1
(1_ + XYy +‘j3)

S\mi\ar\j (

SQ

TOL\LQ_ (X, ja) ‘:((l ) )



