
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 6:

homework 5 (due Friday, November 4, 11:59 PM)

Today: Tangent planes

Next: Strang 4.4

o



Tangent planes
Recall

,
if f is a function of one real variable , then its

graph determines a Curve c in IR? C

and the tangent line to the graph
of f at point x . is the line that Æ__;;
" touches

" the Curve C at point (xiflxo )) - x.

If f is a function of two variables ,

then its graph determines a surface 5
,

• z

and the tangent plane to S at

À( ✗nyo , flxoiyo )) is a plane that
"

touches " S at this point . Il
• a • y



Tangent plane
Def

.

Let Po = Ho , yo ,
2-o ) be a point on a surface 5 ,

and Iet C be any Curve passing through Po and lying
entire /

y in
S

.
If the tangent line to all such curves c

at Po tie in the same plane ,
then this plane is called

the tangent plane to sa Po
BZ

Def
.

Lets be a surface defined

by a différentiable function 2- = Hay ) .☒
Let B-- Ho , yo) be in the domain off .

Then the equation of the
Goz by

tangent plane to S at Po is

2- = flxoiyo ) + 3¥ (x . . yo ) (x - x . ) + È Hoey ) (y - yo )



Tangent plane
To see that this formulais correct

,

we can find two

Curves in S that pass through ( xo , yo , flxoiyo ) ) and determine

the equations of the tangent Lines
.

Jake Flt) = < t . yo ,
flt , yo) ) and of ( s ) = < ✗◦ , si f40 ,

s ) )

Then for any t (such that (Kyo ) is in the domain of f)

À (t) is a point on 5 .
.

Simi tarly ,

for any s GTS)
is a point on 5 .

Moreover , À Ho ) = Î(yo ) =L xo.yoifk.ly. ))

Tangent line to Flt ) at t -- ✗◦ : Îplt ) = FH . ) + À 'N . ) ( t -" o )
with Fyt) =L I. 0,3¥ It . yo) )

similar /
y , tangent line to of ( s) at 5-y. : éqls) -_ J' lyo / + J'G.) Kyu )

offs) = LO ,
I
, 2¥ ( ✗ans ) )



Tangent plane À -
- <aib.c)

,
Po - Ho . yo , -20) ,

Â . <x-xo.y-y.it
- Z.)

= 0

Vector À 'A .) = < 1,0 , 3¥64 yo) ) and J'( yo ) = <Oil , ¥y (xoiyo) )
are not parallel ,

therefore
, toge their with the point

koi yo , Hany . ) ) they determine a plane with normal vector

î j' Ê

E- J'Iyo ) ✗ j'Tx . ) = / 0 1 2¥ Hugo ) |
1 0 0¥ Ho . yo)

=L 3¥ (" ◦ iyo ) , 2¥ Kayo ) ,

- t >

The equation of a plane passing through lxoiyoiflxoiyo ) )
with normal vector À is

2¥ Hoey . ) (x - x . ) + Jyf-H.io/ly-yo ) - H - ffxoiyo ) ) - O



Tangent plane
Example Find the equation of the tangent plane to the

surface defined by the function flxiy ) = é
"
at point ( ti - i )

• Step I : Compute 2¥
,

and 2f

Jy
2f 2f

☒
=
Î} Jy

= e
"

- x

• Step 2 ! Evaluate ¥
,
(xoiyo ) and ZÉ Ho . yo )

¥-11 .
- 1) = e-

'

- C- 1) = - e-
'

=È 2¥11 .
- 1) = é

'

- | = e-
'
= te

• Step 3 : Eva /vate flxo , yo ) : ff1 , - 1) = e-
"

= te

• Step 4 : Plug everything into the equation :

2- = te + (E) ( x - 1) + £ ( y -11 )



Tangent plane does not always exist at euery point

Example ( tangent plane does not exist at ( o.o ) )
Let flay / ={Î¥ i

"" 9) ≠ ° ( flxey ) is continuous )
S - surface defined by Hay)

O ,
(X , y) = 0

Consider the Curves :

Consider the Curve À It ) =

Then fltit / =

- Force tangent plane to a surface
to exist

,
it is sufficient that the function that define

the surface is différentiable
.



Linear approximation
y
= ftxo ) + f

'

(Ko ) (x - x o )
Functions of one variable :

the tangent line at ✗ o can be used

as the linear approximation.of a function floc ) at points Ëx
.

x close to do :

f (a) ≈ flxo) + f
'
Ko ) (x - x o ) for X close to do

Functions of two variables : the tangent plane at Ho , yo) can be

used as the linear approximation of fk . y) at points dose to Hoyo)
Def

.

Given a function 2- = flxiy ) with continuons partial dérivative

that exist at Ho , yo) ,
the linear approximation off at point Kayo )

is given by Llxiy / = flxo . yo ) + fx Hiryu ) (× - ✗ ◦ l'_ fy Kayo ) (y- yo )



Linear approximation
Example

Given function flxiy ) = ËY
"

approximant f- ( 1.01.0.99 )

using points ( til ) as Ho , yo ) .

• Compute the dérivative

§, la , y ) = 2e
""]

' '

, fy (xy ) = - e
" - Y

- t

• Eva /uate f
,
Fx and fy at (xoiyo )

ff1,1 )=é=I , fx ( 1,1 ) - Z , fy ( l , 1) = - t

• Write the linear approximation e

"? 1.0304

Llxiy ) = 1+2 (xii ) - ( y
- 1)

= 1.03

• Compute the approximation : L (101,0-99)=1+2-0.01 - f0.01 )


