MATH 10C: Calculus lll (Lecture B0O)

Today: Partial derivatives

Next: Strang 4.4

Week 6:

homework 5 (due Friday, November 4, 11:59 PM)
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lon qen’( plo.ne_s

Recall | if £ is a function of one real variable, then s
jraPh ddermmes o curve C in R?
and the JfomjenJr ine o the graph
of £ o ‘Do‘mjr Xo (s the line dhat Py e

" touches +\'\€_ curve C at fOi“{- (x-‘HI")B /l/

£ £ is o function of fwo variabls,
then ifs SraP\r\ defermine a sucface S,
Q_T\A ’t\\g '\'Q_r\ﬂeh‘\ P\o.he_ +0 S at

(x"(‘jo“F(‘lm"jo)) .lS a ?‘Qne_ -H\Q.(— <

touches* S ot This Po‘m'\.

AZ




longent  plane
D_Q"E_u\_e‘( Po= (oo, 20) be @ point on o surface S
ond let C be any curve pa.ssing -H\rouﬁh Py and [Ui“fj
e,n*(re[j in S. |F dhe ’Ymnjenjv lines 4o all such curves C

at P lie in the same plone then  Fhis ?\ane is called

the
_D_Q_‘E. Let S be a surface defined I
b3 o diffeentiable function - fay).

Let R=(.ye) be in the domoun of 4.

Then the e.cIu\o:l']or\ of the /\

-tomaevxjr P\Qr\e to Sat P is



To—r\o‘er\* P\ana
To see that —hi formulol (g correc:&‘ we con Find dwo

curves in S that pacss Fhrough (%oiqe, F(xo090)) 0nd  defermine
the eﬁu&*{ons of the '\'O.nfjen'\' W\nes .

Tolkie ﬁ(t): ond ET(s%
Then for any t (such that (Ei90) i in Fthe domain of £ )
B ) - Similecly | for any s E"(s)

. Moreover,

Tomﬁen* line o {‘S’({) ot t=%: Z‘, (&) =
with ﬁl(") - |
S‘m'(\“r[‘j& ‘\'cw\jen‘r line to G (s) at s=y.: WOk
9=



TO-r\o‘er\* P\ane_

\Jecfors ﬁ’(m) =<1, 0 -»(1, 1Y) ond ﬁ(‘J o) = <o, %i; (o1 90) Y
ore  hot Pofalle\) Thece foce +03€ﬂ\e(‘ i th  the ?o‘\nJr
(la‘*jn F(m.j\ﬁ) ’Hwej defecrmine o -P\O.he_ with  noemaf vector
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Tanqen* P\ane_

Exam?le

Finé the eC1LAOL+{0h of the ‘komjen'\ Plcme do  fhe

sucface defined b:j the function ’?(1&‘1); e_x‘j at Poin"r (1 -0)
o S*ef [ Com?w"e of

Al omé E_E
2% ’B\j
of | of _
DL ?3 j
‘ F (. Y oF
® SfeF{:Z . Evaluate = (Xeigo ) nd = (zecqe)
2L (1) = SACOR
hd S'l'QP 3¢ EVQ‘UQ+Q ‘F(IO.jo\ : —F(l\—\) =

° SJre\:Lt ' P\us Q_\IQFBJ\'\r\'\r\D info  the e_cluod—'\on:



Tanqan\’ P\o.he does pot a(woﬂs exasT at eNerny .\)o'\n—\-

Example ("I'omjeh'\ ?\ana does not exist af (o(o)>
. "

Let £y = el (x9)* © (£ (rey) s chinmoug )
& ( (I.\j)ﬂ:) g - surface defined bj £0xy)

Consider the curves:

Consider the curve ?[k)—-
_T\\en -F(tl‘t):

For a -fo.njer\‘\ P\&he to a surface

To exist it s sufficient Fhat Hhe Function dhat defines
the sucface s d fferentiable



Linear &Pfrox'\moﬁr(oﬂ = £ () (1) (x-70)

Functions of one variable :

the fongent line at % can be used /
as the  linear O\QP(‘OX\\MQHDn

of o function f(x) ot Poinh /‘

7/ Xo

X close fo  xa:

f@)= F(xe) +4 (1) (x-%:) for X close to
Functions of 4wo variables: 4he ‘to.vxjenjr plane at (1o,xfﬁ) con be
used as Fhe finearc o.\o(\p(‘oxlmcﬁr\on of fix.y) ai POMS close 4o [19,3°>
Def . Given a function z=f(xy) with continuous Fac’ﬂ‘ql decwatives

fhad exist at (1.40)  the finearc approxmation of § af point (e yo)

\s 3\\\“’- n bj



Linear G-pploxi mation

Exam ple

2% -y- |\

G]\f?.r\ ‘FLLHC'!'{OT\ 'F(xl‘j) = € J &?F(‘ox'\moc"e_ «{:(l.OI‘O.99)
using Po'mJ(s (1) as (Xe, Yo ).

ComPu+e the derivatives
{1 (1\33 = , ‘Fj(l‘j):

Evaluate -F,-G and -F\j ot (D(o(kjo\
-F(‘ll)= ) '(x(‘l‘)? . ‘cj(l.l):

Write the lineac &wrfoximaﬂon
L(I\j) T
ComPu’re The Q?P(bxiMQ{'ion: I__(l.ox)o,%):



Dy {cren%(&bi\\‘*j
Functions of one variable: if o function s diffecendiiable
ot xo, The jrotf'h ol x. is smosih (no coeners ) ‘\'an32n+ Jine

s well defined and Qf?coxima*es well The Ffunction amund .

Functions o two vociables: diqerem@bi\{ﬁ qives he
condifion when Hhe surface af (X0 19o) s smooth bj which
we wmean That  the JfOJI\\C)QY\'\ plane od (1.,(10\ exists .
Notice = that whenever { (xeye) ond “Cj (Xeiqo) exist, use
can m\wujs write  fhe equation

z = flage) + Lxbod)@-20) ¢ £y (xergo) (44o). ()
But this does net mean that Ahe ‘hV\jen'\ plane 2 XSS
(1§ it oexishs, i s S‘NQr\ by (*)3,



Diﬂcren%(ab'\\\jrj
D_é. -F ‘\S &{{{eren-{-{leQ Q+ (1"(30) ‘l'F 'rx (1"«30) thi 'Fj (xmjo)

exist and  the error ferm
E(x“-ﬂ = -F(l.uj) T [ 'F(Io\‘jo)’f {x (lbl‘jO) (X-20) *‘r‘j (x""‘ﬂ“)(t‘]'jc')]

satisfies

This  means  that

fay)=
and Ebmjﬁ Sae_s o zeco Faster Than dhe disfance
between (xiy) ond  (eye).

Remor 1t [f  £xy) is diffecentiable ad acye) then flxuq) is

continueus ot (Xoiys ).



Differentiob, iy
The existence of P&rJr\‘cx\ decivafives 1S hot sufficient 4o

hove differentia b \H-d

\e 23 Ay ) # (oo
Ex&m? 1&1) { opa C(ey) )
o . (19) =9
Then  £2(xy) "{ . jf‘j (x:4) ={

Tor (10‘\1032(0103 l \C(0|0)= | {\x (0-0>= ‘_(:j (0(03 = SO
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Differentiability
But | £ (3e0Yo) and fj (Xorgo ) exist AND acre confinuous

n o nu‘S bochood of (x0.90) , Then £ is dif{ferentiable at [1‘)'jb>

Theorem
|£ -((1\\1)‘-&(1\\3)( fj (m‘j) all exish in o ne\‘\jhborkooc( of

('«Kn\jo) and



The chouin rale
Recoll thal for Lflnctions of one vaciable
fx ($(36)) = £ (3 g'=)
Thm (CinY\ rule  for one ‘mle\:anelen‘} \Iotm‘able>

Let (&) and Yt be differenficble functions,
let £ R* 3R be o« diffecenfiable finction | Then

(fl,c—[wr(x&)(j(ﬂ)] =
Ex&m?\e ComPULJf?-

L [flsmtcaty] Wit Ag)= e 3y”

it
oF of d d ]
L \ ?j — | QH nt = By ot =
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The c\r\odn cule

_H\W\ (Chqin rule  Hor fwo ‘mcle\mr\clen‘} \JQm‘ables>

gU‘FFOW’ X (u ) and U(UN) are  differentiable
sS4 Ppose £ (xy) s diffecentiable. Then
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