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Today: Local minima/maxima

Next: Strang 4.7 
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Lost time

Def
.

1-et E- flxiy ) be a function of two variables

defined at Ho , yo ) .
Then Ho . yo) is called a critica

point of f if either

• fxlxoiyo ) = 0 , fylxoiyo ) - o ( i. e. Tiffany . ) = Ô ) ; or

• fxlxoiy . ) or fy Kayo ) does not exist



Lost time

Def Let 2- = flxiy ) be a function of two variables .

Then f has a local maximum at point Hay . ) if

(* ) flxo , yo ) ≥ flxiy ) for all points (xy ) within some disk

centered at Hoyo ) . The number flxoiyo ) is Callet the local

maximum value
. If (* ) holds for all (xy ) in the domain

off , we sag that f has global maximum at (x. . yo ) .

Function f has a local minimum at point Hay . ) if

A-*) flxo , yo ) ≤ flxiy ) for all points (xy ) within some disk

centered at Hoyo ) . The number flxoiyo ) is Callet the local

minimum value . 1f #-) holds for all (xy ) in the domain

off , we sag that f has global minimum at (x. . yo ) .

Local minima and local maxima are called local extrema .



Lost time

Thm 4.16 Let 2- = flxiy ) be a function of two variables .

Suppose fx and fy each exist at Hay .) .

Hf has

a local extremum at Any . ) ,
then Hay. ) is a critica / point

of f ( i. e. Tiffany . ) = O ) .

Example At the very top of a mountain the ground is

flat
.

If there was slope in some direction
,
then you

could go

higher . Simi tarly ,
at the louest point of a crater

the ground is also flat ( 17f = o ) .

But the fact that the ground is flat ( tflxo , yo )
-

_ o)
does not neeessarily meam that f has a local

extremum at Koryo )
,

it may be a saddle point .



Saddle points
Def

.

Let 2- = flxiy ) be a function of two variables .

Ne say that (xoiy . ) is a Saddle point iffxlxoiy.to ,

fylxoiyo ) = 0 ,
but f does not have a local extremum at Hoyo)

Level Curves around the

Saddle point have this shape

- . . -4



The second dérivative test

Thm 4.17 ( second dérivative test )

suppose that flag ) is a function of two variables for which

the first- and second - corder partial dérivative are continuous

Ground Cao , yo ) . Suppose fx Ho . yo ) = 0 and fy Koryo )-0 . Define

D= fxxkoiyo-yylxo.io ) - (fxy Go , go ))
≥

= |
¥ " t'◦ '%) fay Mayo )

fxy Kayo ) fyy (Kiyo) |
( i ) If D>◦ and fxxlxayo ) >0 ,

then f has a local minimum at Hongo )

( ï ) If D> o and fxx Kayo) < o ,
then f has a local maximum at Hoey. )

(iii ) If Do ,
then f has a saddle point at (any . )

(Iv ) 1f D= 0
,
then the test is inconclusive



Problem solving strategy
Problem :

et 2- = flxiy ) be a function of two variables for which the

first - and second - ordered partial dérivative are continuous .

Find local extrema
.

Solution :

1. Determine critica/ points Hoyo ) where fxlxoiyo ) = fy Kayo ) --0

Discord any points where fx or fy does not exist .

2. Cache /ate D for each critica / point
3. Apply the Second dérivative test to determine if Hay. )

is a local minimum
, local maximum or a saddle point .



Local extrema . Example
Find the critica points for the following function and
use the second dérivative test to find the local extrema

flxiy ) = x> + Zxy - 2x - 4g

Step 1 : Compute of and find the critica / points
f
,
= 3×2 + Zy - 2

fy = 2x - 4

fx and fy are defined and continuous euerywhere

Find @y) such that 17f Hey )=Ô

{ 3×2+29-2=0
,

3-22-12
y -2=0

2.
y
= -10

, y
= - 5

2x - 4 = 0
,

✗ = 2

Function f has one critica / point (21-5)



Local extrema . Example

Step 2 : Compute D for ( 2 ,
- 5)

start by Computing fxx
, fxyifyx , fyy at (21-5)

fxx = ¥ fx = (3×2+29-2)=6x ,
Fxx ( 2 ,

-5) = 12

fxy = § fx = Ôy (3×2+29-2)=2 , fxy ( ze -5) = 2

fyy = % fy = % (2×-4)=0 , fyy (21-5)=0

D= |
"

} / = 12.0-2-2=-4 < 0

2

Step 3 : Second dérivative test
.

Dio
,
so (z .

- 5) is a

Saddle point



Local extrema . Example
Find the critica points for the following function and
use the second dérivative test to find the local extrema

flxiy ) = xy e-
YI

Step ' f, = y e-
"

"

+ xyé
"

fx ) = ya - x' ) e-
"¥

fy = x ( type
- ¥92

fx and fy are defined for all Guy )

fx (a. g) = 0 y (1-712)=0 → y
-

- o
,
x =/

,
✗ = - )

{ fy / a. g) = 0 ⇔ { x ( 1- y' ) = 0 →
✗ = ◦

, y
-
-

l
, y

= - t

Critical points : (o.o )
,
( til ) ,

( ti - l )
,
C- I. 1) , C- ' i

- l )



Local extrema . E-✗amples

Step 2 Second order partial dérivative

fax -
- ¥ / ya - x ' ) e-

"¥ / =Ê, /ya - x' )]ËÏ ya -x ' )Ëè÷]
= y f2 >c) e- + ya - x

' ) e-
Ï

c- x )

= - xyé
"
(z - x ' )

fyy = - xy e- ( s - y
' )

fxy = ( l - x' ) ( l - y2) e-
¥



Local extrema . E-✗amples

fax = - xy ( 3 - x2 ) e-
Ë

fxy = C - x' ) ( l - ya )é÷"

fyy = - xy ( s - ya ) e-
Ë

Consider the critica point ( i. 1)

fxx ( til ) = - I. t - (3-12) e-
"

= - 2e

"

fxy ( l , 1) = ( l - l
' ) ( l - l

' ) e
- '

= 0

fyy ( I , I ) =
- Zé

'

D= |
- 2e
"

◦

O
- ze

- i / = 4e-2 > ◦
fxx ( I , i ) < O ,

D > 0
,
therefore

,

f has a local maximum at

( I , I )



Local extrema . Example

fax = - xy ( 3-✗2) e-
Ë

fxy = C - x' ) ( l - ya )é÷"

fyy = - xy ( 3-g) e-
Ë

Consider the critica point ( i , - i )

fxx ( til ) = - t - C- 1) ( 3- f) e- = 2e
"

fxy ( til ) = O Check : (-1,1 ) local minimum

fyy ( til ) = 2è
"

th - i ) local maximum

loco ) Saddle point
D= /

2e

"

o

◦ 2e

' ' / = 4e- '

fax ( l , - 1) > O ,
D > 0

,
so f has local minimum at ( i , - il


