
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 8:

Homework 7 due Wednesday, November 23

Today: Absolute minima/maxima

Next: Strang 4.8

o



Recall : local and global minima and maxima

Def Let 2- = flxiy ) be a function of two variables .

Then f has a local maximum at point Hay . ) if

(*) flxoiyo ) ≥ flxiy ) for all points (xy ) within some disk

centered at Hoyo ) . The number flxoiyo ) is Callet the local

maximum value . If (* ) holds for all (xy ) in the domain

off , we sag that f has a global maximum at Hoyo )
Function f has a local minimum at point Gacy . ) if

G-* ) flxnyo ) ≤ flxiy ) for all points (xy ) within some disk

centered at Hoyo ) . The number flxoiyo ) is Callet the local

minimum value . If A-* ) holds for all (xy ) in the domain

off , we sag that f has a global minimum at Koryo )
Local minima and local maxima are called local extrema .



Absolut ( global ) maxima and minima

Find Ing global minima /maxima for functions of one variable
on a closed Interval :

• find critica / points
• check the critica / values

• evaluate function at the end points of the Interval .

We generali ze this strategos to factions of two for more )
variables defined on a closed banded set .

A set is called banded if all the points of the set

are contained in a disk ( ball ) of finite radius

A set is cake d closed if it contains all its boundary points
(A point P is call ed a boundary point of a set s if any disk around

|? contains points both inside and outside S )



Extreme value theorem
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Theorem
- .

A continuous function f on a closed bounded set D

attains an absolute maximum value at some point in D and

an absolu te minimum value at some point in D .



Finding absolu te minima and maxima

hm_
.

Assume 2- = ftxiy ) is a différentiable function of

two variables defined on a closed bounded set D .
Then

f will attain the absolu te maximum value and the absolu te

minimum value
,
which are

, respective /y ,

the largest and

Smallest values found among the following
( i ) The values of f at the critica / points in D

( Ii ) The values of fon the boundary of D

Problem solving strategy for find ing absolut max and min :

I. Determine the critica I points of F in D

2. Calcul ate fat each of these critica/ points
3. Detetermine the Max and min values off on the boundary
4. Chasse Max /min from the values obtained in Steps 2 and 3



Example
some villages want to set up a communication tower

within 1km of their village . They want to put it at the

highest elevation possible .

Suppose that the land scape a
round the village is

described by ftxiy ) = x (x> +2g
'
- i ) with the village Center

at Cao )
.
What is the highest point Within a (horizontal )

distance of 1 km from (o , o ) ?

In other wards
,
we have to maximise flxiy ) = ✗ ( ✗ ' +2g

?
- i )

on the set of all (xiy ) with x2 + y
≥
≤ |



Example
The set D= { Hey ) l ✗4-y

'
≤ | }

is a unit disk ( including the

boundary ) .

It is a closed and

• bounded set .

(Olo )

Its boundary is a unit circle .

The maximum value can be

inside the disk or on the boundary .

Remark : In general ,
find Ing the Maximin value on the

boundary may
be nontrivial . One can paramétrie

the boundary as a Curve in IR? and find the Maximin

of flxlthyltl )
,
where (xitliylt ) ) is the parameteritation

of the boundary ,
e.g. , (x /H , y /H /

= (Colt) , Sin (H ) ◦ ≤ t ≤ 21T



Example
Step: Determine the critica I points Inside D

flxiy ) = ✗ ( x
>

+2cg
?
- i )

f, = 1- ( x2 +2 y
?
- 1) + × . 2x = 3×2+2 y

≥
- t

fy = lexy

Find the critica I points by solving
3K72g? -1=0{ Lexy = 0 → x --0 or y -0

1f ✗ = 0
, Zy

?

-1=0
, y
'
= ±

, y
=
± ¥2

1f y
= 0

, 3×2-1=0
,

x
'
= § ,

✗ =
± ¥

Four possible critica / points : (oir ) , ( o , - ¥ ) , (Éco ) , (- Ezio )



Example
check which points are in D= { (xiy ) l xaty

'
≤ | }

(oir ) , ( a - ¥ ) , (Éco ) , (- ¥ co )
✓ v ✓ ✓

02+4-12=0 + { = { ≤ 1
,

02 + ( É )! { ≤ 1
, # Ito

'
≤ 1

, ftp.J-okl

AU four points are inside the unit disk D

Step Evalua te f at critica points
flxiy ) = ✗ ( x

>

+2cg
?
- i )

ff0 , ¥ ) = 0 - ( 02+2 -(¥ )
"

- 1) = 0 ff0 ,
- ¥ ) = 0

HÉ to ) = ¥ / (É )
"

-12 - O - 1) = ¥ ( ± - 1) = - ¥

ftp.io ) = - f- ( J - c) = ¥



Example
Step 3 : Find the max value on the boundary

Parametrize the boundary
✗ ( t ) = coslt ) , y / f) = Sin ( t ) ,

◦ ≤t ≤ 21T

Each point on the boundary ( unit Circle ) can be

written as ( Cos (f) ,
Sin It ) ) for some ◦ ≤ t ≤ 21T

so the values of fon the boundary are

ffcoslt ) ,
Sin HI ) = COSA ) ( cobalt ) +2 Sin

'

( t ) - i )
= COSA ) (ÉTÊTÉ ) + sivilt ) -4 )
= costsinlt )

we have to find the maximum of cosctlsirilt )
for ◦ ≤ t ≤ 21T



Example

Maximizing coslt ) sirilt ) :

Find the critica points
( Cosa ) Sin

'
It ) )
/
= - sinltlsin

' /f) + cosct ) zsinlt ) (f)
= Sin (t ) ( ZCOÎCT ) - sin ' (t ) )
= Sin (f) (30511-1-1)=0

Critica I points are points that satisfy
ylt ) = Sin (f) = 0 or 3 s' (f) - 1=0

x
>
+ y
! I alt / = (051f / = §

,
✗ = ± ¥3

si -- i
,

x -_ ± / y=±Æ

( ho )
,
t' io ) (ÉTÉ ) . / -kik )

,
/¥ .

- E) f-¥ .

-E)



Example

Compute the maximum on the boundary
flxiy ) = ✗ ( x

>

+2cg
?
- i )

ff1,0 ) = 0 ff-1,0 ) = 0

f(È ,
±F) = Ès

ffÈ ,
±F) = - Ès

Step 4 : chasse the absolu te maximum

Inside the disk : (- À .
o)

,
f1 - Éco ) Ès

(Év )On the boundary : f (¥ ,

± Es ) = ¥
Conclusion : Max value of fon Dis¥ ,

achieved at (ÈÎF)


