
MATH 180A (Lecture A00)
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We'ek 6:

Homework 4 due Friday, February

Today: Expectation of a function of a 
random variable. Variance

Next: ASV 3.5

w 17



Expectation of continuousrandom

Example
Consider function flt )-/0,tos

,tsl

Is flt
)

a probability density?

flt)20 {
p

f(t)dt=FEdt
=-Eli=iv

suppose that X is a random variable with PDF fx =f.

What is ECx
)?

Etfx (tydtECX)- - St- Edt =
f Edt = logt l ,: to



Expectations of functions of random variables

X

sz IR IR-
9

composition gCX)=gox
random function
variable gIX) is a new random variable

Example X-Bin(nip) is the number of successes in n trials

gCX ) =Y is the proportion of successful trials

gCX )EŞo,ñ,5.".... 7=13,
;*

ECgCXD )=2:O P
(gCX1=G)

= E.KPCX=K): ELP

or discrete random variableproposition iy

=gCX
))

fE
E

gCS
)

PCX=s)

Note
, by definition Elg(XD)=EtPCgCx)=+)



Expectations of functions of random variables

proposition For a continuous random variable X with

density fx

ECgsxDJ =ŞgLtJfxItldt

Example Let U be a uniform random variable on caibj

Then b- glu
) I

ElûJ
=ŞEfuCtldt fu

(t)

= {b-a,telabJ
o

,

otherwise

= åE. Todt: ha 55 la:3/
bray

= btat

Important class of functions: g
(2)-xh

discrete
: ECX ")=EEPCX=t), continuous:ECxr)=ŞEfxCtJdt
moments



Expectations of functions of random variables

Example ( Car accident linsurance example)

An accident causes Y dollars of damage to your car
,

where insurance deductible is 500 dollars
.

Yu Unif(
C100,

15003). What is the expected amount you pay?
X = amount

you pay
= min

{Y,

5003=9
CY),glt

)-minit,soo)

Cneither discrete
nor continuous )

500

ECX )=ECgCT)= min(t, 5005- fy lt1dt = fo minst , 500 h.
I
noo

dt

-- @

-%,
ler

at +f.," mordt =F noo (0 V-100) minsti 5oos-St.t
5100,500

500, tE
(500,

1500)

* 1400 (1500-500) = 442.86 --
Yoo 5o0 ¿500



variance

Jefinition The variance of a random variable X is

Yar (
X)=EC

X
-ECXD

5)
first computeU =ECX), then compute ElgCxD ) with glt

)=

(
tMJ

o if X is discrete
,

VarCX)= E(t-uPPLX=+)

if X is continuous
, Yar

(X)

= ! ( t-uP fxctidt

Var(X)20 Calways)

The square root of the variance is called

standard deviation Ocx
)=WVareT



Variance
. Example

Example X - Ber
(p),

ECX)=p

Var(
X)=

ECCX
-PP)=E(t-PPPCX-t)

= pP C Pp+ 1 o-ppCrP) = PCtpP+p?Crp)

= pltpKC rp +p
J= PCrP)

oCX 1=TPCrp
)

ExampleU .UnifCaib), ECU ): ath
Yarcul - It .P fultlata SIt-a)Ibroat =

TCxI =1



Alternative formula for variance

proposition . Let X be a random variable
.

Then

Yar ( X)=ECXT)-
ECF

( For continuous random variables ). LetM :=ECX).
Then

Yar( X)=ECCX-MB)= ŞtMPfxct)dt

=F E ?-2t1tMel Tfxctydt
-x

* löEfxCtdt-zuŞåtfxCtldtxuzŞäfxItdt
= E

(X')

-

zMMtu ?.1 = E
(X") - M

"

Example X - Ber
(p),

ECX
)P.

ELX )=tp+O-C-P)
P

,

Var(x)=

p -p= PC1-P)



variance

Variance is a measure of how " spread out from the mean
"

the distribution is.

proposition Let X be a random variable with finite

expectation ECX )M. Then

() Exercise

$4
l

Assume X is discrete
).

Yar(X): For allt
,

For all t either or soif

therefore
,


