MATH 180A (Lecture AQQ)

Today: Expectation and variance of sums.
Covariance and correlation
Next: ASV 9.1

Week 9:

o Homework 6 due Friday, March 10



Liheariﬂ of exPQC'\'o.—h'on
Thm  Let X Xn be rondom variables defined on The some

Probabl\ﬂ'ﬁ space. Let g, 9z, gn be functions of one variable.

Then _
L__( 8\()(\) t 32()(7.)1’“' Y 3“ (Xn\)\

E (X\'I' AR ¢ Xr\)

I Par‘ricu\ar

(

\M\DOC*O«\‘& : ]ﬂAe\)QhAthQ does ot wotter

EXPec‘rQ‘riOh of o sum = sam of expac fotions
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Lir\eou‘iJrj of exFecho.h'on
Example (Binomial disteibution ).
Let Xy Xn be inde?ehéen'l( rondom variables X{‘”Ber(P)
Sn= Xt t Ko, Se~BIn(np).
E(Sn) =
Exam?\e Adowm must puss both wetlen dest ond coad fesf for his

dewver’s license . He passes wriffen fest with Pcnbab"\{*«j = independently
of other tosks. For fhe rood Hest the ?(‘Dbuaﬁ{\‘\\'j of success s %’ ]
What 15 the ofal e.x?edeé number of tests Adam must toke before
e rning hs  llcense 1

Denote X =# weillen tests before he psses

\/:# rood tesds bQ\CoCe \/\{ ‘m%e}
E(key)-"



Ex?ecfrd'\‘ov\ o} a Proéuc-\ of inde\)enécm‘\ condomn Vot bles

Thw | Let Xy Ko be ‘\hde\)u\éen'\ rondom yociobles
Let 1§ i §n be functions of one vorioble.
Then

E(S (X\\)Bz(Xz 3!\()(“)3

Cocollary  If Yoy K ore ‘lt\de?ehdah"( then

4




Norionce of o sum of independen} random variables

Example
PD\\Y\OW\{O\\ \ X\‘.-WX(\ iK\AQPQﬂAQY\‘\' ideh.\'(CQ\\\j d\'&h“\bu"'eé (ii&)

K= Bec (p) ) Now (%)= pO-p), Sn=Kit=4 Kn
Norc (Sn ) =

SGJY\P\{ meont X o X inéq\)enégn* iden\(ca‘l\j disteibuted (i)
E(X\B‘—/‘\\ \or (X{\:Gz

E(X‘T"'*Xh): \ \]er(x‘*w*th:

n n




Cowar aanCe

guxpfose 'ﬂ\m" WNe (’\OU\JQ v random Vav(&b\e X

° E(X) - meon volue anverage ot oo \a,rjg rumber of

‘mcle_\)enéan" \‘o_o\\izcx‘h‘ons
e Var(X) - varionce  fluctuations of X how for the

realizations acre 5‘>reac§ atound The mean

Co\rar(cu\cq desccibes 5‘\TQ.V\8'\'\\ oand +JPQ of dQFendqﬁce

between dwo rondom variables .
[_)__ei_ Let X and ¥V be random variables defined on the
same FCO‘DQH\;‘H SPace. The covariance of X and Y s

&'Ne N %d

Com Fujr ations



Conotlance

Example Let XY be discrete fondom variables with

The 'jo'tr\* TME P(X=\<\\f:€> S‘Nen b\xj the Hable

g
N o\l {2

- o.l{o [0l |02

O 0% 10.2|10 |0.%

| 0 (0.2 (0.10.3

0.4 0.4 0.2
E(X)=
E(Y)=
E(XY)=
Cov (XY



Some  hewrstics
By definition, Cou(%,¥)= E[ (X-E(x)) (V-EM)) ]
° (X-E(X)\(Y‘E(Y)) 1S ros'\Jri\fe_ W
(X-E()) ond (Y-E(Y)) hawe the same sign
° (X-E(X)\ (\/‘E(7)> is r\ego:\'\\m_ s
(X-E(X)) and (Y-E()) hawe oFFos(%e RELE

Thus,
o Cov(X.¥)>0 weans that on anerage K-ER) and N-E(Y)

hone

o Cov(X,¥)20 weans that on anerage K-E(X) and V*E(V)

howe

o If Cou(XN)=0, we say thak



EXamPle

et (X.\/) be o un{{ormlj disteibuted  coandom Po'm{' on
he ‘\‘rqeeloicl w\‘k‘r\ verfices (0 0) (2.,0), (1), (0.l>

\S CO\I (X oY )
(a) l)QSH‘WQ
(&) hafjajr e

\To'm'\' dens;"\"j :

E(X) =
E(XY) =

CO\I(X(\/)

:

E (V)=

(0|\\ (‘!l) T
(0.0\ (20)
-F(lnj)= % for (xuj)e T



Uncorrelated s Independent
o X and Y are ‘mde?endehjr = Cov (X, Y)=0
E(XY)

® CO\I(X(\{)=O 7é X and Y are ‘mcle?er\dev\'\'

EX&ME\Q of crandom wvariables )('\/ Mot ore D,Oi
ihAeFehAan\'\ bud Co\,()('\/)zo

Let X~N(o) , Y= X', Then
E(X)=0, EM)=1, E(X)=0

Cov (X Y) = E(RY ) - EC)E (V)
= E(X*) - E(X) E(X‘)= 0



\/mrimhce o? . sum .Pro ?e(‘{'{es o{: Ccovariance

Thm Let X, - Xn be random variables with finite Variances

Then  Var (2 %)=

Nar (X+ V) =

For exavvwf\e

Pro ")Q.G‘HQS of Covario.nce -
o Cov (X | Y ) =
° CO\/(&X”D‘Y>'=

« Cov( Za¥i,Zbi¥i)=
1= \)*=l



Corre lotion

Covoriance s nod PQG"l'(Cu[Qr[j jooc\ for eva\uqJ({nS
‘ﬂwq sjﬂ‘er\jﬂn og ‘H\( de?endev\ce:

* Suppose that Cov (X Y) =1, then Cov (10X 10Y)= 100
but 'H\e de‘)enclehm between X and VY g the some as
dQPtheme between (@ X and 10V,

Solution: normalize covariance — corcelation
DQ‘F LE’_{ X(Y be (‘&nc\,om \IOL/(‘;Q_B‘QS |VQ/(' (X)ém\\/(l{'(\')<oo

The  correlation (COQ_‘(\’F\'C'\QV\J(> of X ond V is j‘(\mn bj



Peoperties of correlation
Thm | Lef XY be random vociables Nar (X) <o, Noc(y) <o

o Corc(aX+b V)=

o 1 ¢ Corr(X,Y)g]

o Corr (X‘Y)=\ { ond on\j NS

o Corr (X,\/)=‘| 1f ond Dn(d Wk
EXQM\?‘Q Lef XY be random variables Sc\Jr\'swcjir»g

E(K)=2, E(Y)=\, E(*")=S E (¥*)=10 E (XY)

(o) Cem\au’re Cocr (X))

\our (X =  Nac(¥)=  Cov (xY) =

Cocr (¥ N) =

$

(6) Find ceR such that Y and  Xn cY oxe wncorrelated.



Moment 3evxe_ru‘\ir\3 function of a sum of \néeP. R\s
Dedi (Comvolution of distributions - Section ‘-l)
let X and Y be condom voriables. Then The distribufion of
X+Y s called Fhe convolution of dhe distribations of X ond V.
I X and ¥ ore continwous and H; and £, ore +heir  PDFs
Hhen the PDF of X4Y ¢ given b‘j

L ]

.,.00
L = Hefy ()= [ @ f 0 du- | Beg)fy) &
(simi\mr formula. For  discrete roandom \!0-(‘inqu>

£ X and N ore \hée?en&er\“‘({ may Do eoslec 4o COW\PU&\‘Q
e



Moment genecading funchion of a sum of indep.

RVs

Let X,Y be \mde?enden* random variobes .
Then the MEF of X4V s

) X~ Poisson (1), Y~ Poisson (F\ . ]r\dq?qnclenJr ,
Distribution of XY f)

Z) X ~ N(r\. ‘G:\ . Y~ N(}~\1(€11> ‘ir\AQFzY\ClQV\+,
Distribution of Xty



