MATH 180A (Lecture AQQ)

Today: Correlation. Markov’s inequality.
Central Limit Theorem

Week 10:

o Homework 7 due Sunday, March 19



Corre lotion
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Def Let %X,V be candom vaciables | Var (X) <=, Vac(4)es

The  correlotion (coefficient) of X and ¥ is guen by
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Peoperties of correlation
—I___bLV\_ | Let X,Y be randem voriables / \or (X) <°°,\/ar(\})<oo

o Corc(aX+b V)= %Corr(x,\/)
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(6) Find ceR such that Y and  Xn cY oxe wncorrelated.



Moment 3evxe_ru‘\ir\3 function of a sum of \néeP. R\s
Dedi (Comvolution of distribufions - Section 1)
let X and Y be condom voriables. Then The distribufion of
X+Y s called Fhe convolution of dhe distribations of X ond V.
I X and ¥ ore continwous and H; and £, ore +heir  PDFs
Hhen the PDF of X4Y ¢ given b‘j
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RVs

Moment genecading funchion of a sum of indep.

Let X,Y be \\nde?enden* random variobes .
Then the MEF of X4V s

E(e"")-
Mxt\/ (Q =

) X~ Poisson (1), Y~ Poisson (F\ . ]r\dq?gnclenJr ,
Distribution of XY f)

Z) X ~ N(r\. ‘G:\ . Y~ N(}~\1(€11> ‘ir\éqi)zhcler\".
Distribution of Xty



Esfimating tail peobabilidies

Suppose that X0, E(X)co What con we soy
about P(XECB for <o 1
Thm (Mono\'om\cﬂj ot ex?ec‘b\"l’\‘or\)

o £ P(220)=1, then E(2)20

o £ P(X=zY)=1, then E(N)2E(Y)

Macrkov's ir\equm\iirj:

I X 05 a honhe3cdi\ro, condom yosiable as. (i.e. P(Xz2a)= \),
fhen foc any C»o P (X Zc\ ¢
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Estimating tail probabilifies: Chebyshev's inequality

C\'\e\bjs\w.\f‘s ‘\neoluox\\.lrjt
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Let X~ Ber(?). P(X21)=P(Xz2001)=P(X=1)=p
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Estimating tail probabilities: Chebyshev's hequality

bX&M\?\ Swm:ose X ~ ~Exro(3 ) Estimate P(X>Q3
E(X)=2 . Nar(X) =4

o MMoaskov: P(X2 G) <
. dne‘ajs\\ev t P()(z éb =
16

« Exoct volue: P(X2¢)=¢€? - e = o0.05
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From Pc&f exFe,mu\ce we know E(X)=S000
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Wealk Low of La‘rﬂ& Nuwmbers
Thn Let X, Xz, be independent and identically discibuted
random voriobles with E(Ki)vx and Nar (Xi)zGZ ./A,szeﬂi
Let Sn=X+-t Xn_ Then Hor Gy £50
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CENTRAL LIMIT THEoREM (CLT)
Thm  Let X‘,xz\ - be iid. random voriables with E(X)=p,
Var (X1) ﬁelll §5o0. Let S, t -t K

Then -For 0Ny o be R, ach

b
limn P(a 4§2L3ﬁ ¢ B> =P (b)-Pla) = jé—;‘ e *de

- & (n

o exactly fhe same statement as for Xi~ Ber(p) (Section i)
® or\\\j need ‘H\e |r5+ —hoo Mmoments

o CLT describes  the Fluctuations of S, around M
which e of ocder {0

o CLT 1 o fomi l‘j of Theotems (‘H\ere Moy be different

of More geneCo| ossamptions obout (Xi) )



AFPl{cu+i0ns of dhe CLT

E\mrj mor\m\\r\fj You wa ke Gp ond start tossing o foir  coin
ontil the flest Touls  comes Up. Estimate the f(‘Obo.‘)\'\H‘:S
that n the Liest (00 doujs of this e.x?u*(mszr qou “oss the
coin ol lkast 220 times (in Fotal ).

Dencte K= # tosses on duﬂ ¢, See= ; AL = # tosses after \00&:3(
X1~ ‘ E()(i3= l Var (X{>=
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(W)

3220)=

The o‘n\j relevent infocmation is exyedaﬁon‘ Voianee | independence

€Y, Y o ore Lid with ECY=2 Nou (1)=2 | Hhen



Proot of —he CLT
Thm (Conﬂnu['tj Fheorem Ffor  The M6F)
Let X be o candom varioble with continueus CDF

Suppose that the MGF of X' M. (t) fs finite on ) for

ome, E>O.
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In pachicular, if X~ Nlon) , Mct)=€% and My () 7 €”, no

’ﬁ\u\ ‘(:OF an e R
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Proof of he CLT

Recall that Xi are iid. E (X()=/q  Nar (Xi)=6"

Sn= Xito+ Xn. We want 1o CL.PP\:S The thJrinu{Jrj Theorem
for M&F 1o Ynzm. Compu:\‘e the MGF of Ya

€ {n

My )=

[ a)

For & lurae enoc,mj\\ l
t()(\'tu _ 'l',(X\"}:B
€ sn «~ SO E (Q Gl >%

~

H\]h (‘E) ~



