
MATH 180A (Lecture A00)

mathweb.ucsd.edu/~ynemish/teaching/180a

Week 3:

homework 1 (due Monday, January 23)

Today: Conditional probability. 
Independence

Next: ASV 3.1

w



conditional probability

.Let BEF satisfy P (B)s0. Then for all AEF
the conditional probability of A given B is defined as

PCAIB )= PPCB
)

If PLB
)s0,

then the conditional probability PGIB)
satisfies all the properties of probability :
axioms of probability

,

probability of the complement ,

monotonicity , inclusion - exclusion ...

Remark If 2 is finite and P is uniform
,

then

PLAIB
)=HAB



Multiplication rule

3y definition PLBIA ): PCAT PCBJPCAIB)
=

multiplication
=) PLANB )=PCA) PC )BIA L

rule

PLANBACFOR AABAC : J -PLABJPI J =PLAIPI JPLYCLAB CIABBIA

Example An urn contains 4 red balland

6 blue balls
.

ball are sampledTwo s

2o. What is thewithout replacement.
@

probability that are red
?

both

Bi
=Epst

ball is reds P ( B
,

MBz )
=P ( B

,

). P ( Bz IB
, ) = Y . } = ¥

Bz ={ 2 nd ball is redy PLB ,) = 4, P (BzIB,)= 3
PCB ,NBc)=TE

)

(
ÈI



Two -stage experiments
o perform an experiment , measure a random outcome

o perform a second experiment whose setup depends on

the outcome of the first
!

Example
first choose an urn at random

V then sample a ball at randomV B from the chosen urn

Q : What is the probability that the sampled ball is red?

sampleredball
,

3A -schoose urn Ab
,

B =schoose urn BS

PIRI -PC PAAURNBILD
=PIRNA)

TPIRAB)

= PLAIPIRIA
)

+PIB
)PCRIB)

= }. }+ È-} = 5o



Law of total probability
et Bi

,

B 2.....Bn be a partition of 2

Cie
.,

Bi are disjoint ,B,UB2U--UBn=R,PLBi)s 0).
Then for every

event A
:

PLA )=PLABIUABZU...WABN)= EPCANBi)

B
,

Bz

A

Bß By Bs B
6

B
7

B
8

I
.

-
E"

PIBIJPCAIBi
)

Example 50% of coins are fair
. 5% are biased to comeup

heads 60% of times
,

1% are biased to come up heads 80%. You

find a coin on the street
.

--

How likely is it to come
up heads

?



Law of total probability
Define Bi ={coin isfairsAscoin comes up heads}

B2={coin is 60% biased
}

B 3={coin is 80%biased}

B
.,

B
2,

B
3

form apartition and

PCB
.)=0.9,

PLB
2):0.09,

PLB
3)

=001

PLAIB.): PLAIB ): PLAIB ):.5 0.00.8

Then using the law of total probability

PLA
)

= PIB
.)

PCAIB
.)

+ PCB
2)

PCAIB
2)

+
PIBIJ

PCAIB
3)

=0.5-0.5 +0.09.0.6+ 0.01-0.8= 0.512

Another question : In the same setting , you find a coin and
toss it

.

It comes up heads . How likely is it that this coin is

80% biased(
heavily

biased
)?



Important remark
We know that PLAIB )=0.8.

What can we say about PCB 3IA)?

Generally speaking, PLAIB
)

-
PCBIA)

According to Forbes
,

there are 2668

billionaires in the world
,

2357 of them are men
.

PCMIB
)=2668

~ 88 % PIBIM)

Example Prosecutor
's fallacy.

E -sevidence on the defendant
}

I-
s

defendant is innocent
}

PLEII
)

Allhong is usually small
,

PLIIE
) may be mush higher



Bayes
' Rule relation between PCAIB

)

and PCBIA
))

PLBIA ):
PLAS

: PLA
)

This formula is often used with the law of total probability
.

Let B
,,

B
2

....Bn be a partition of the sample space. Then for

any
event A with PCAJsO

PCBRIA )=
PLAS

-
PIBRIPCAI

IPCBIJPCAIBiJ
ExampleBisscoin isfairsAscoin comes up heads"

B
2={coin is 60% biased} B

3={

coin is 80%biased}

iven
: PIB

.):,

PLB 2)+ , PCB3): PLAIB .)=,PLAIB): 0.9 0.09 001 0.5 0.6

P (A|
Bz)

= 0.8

We have computed that PCA)-PLBIJPCAIBI) =0.512
0. 0 1 : 0.8Then PCB 3IA)
=--.512

=0.0156



Bayes
' rule

- xample

suppose that a certain test leg . J isvirus X test

99% accurate (1% false positives , 1% false negatives ).
o of the population have this virus

.

25%

You test positive . What is the probability you
have this virus

?

(
a)

gg% T
=s positive tests PLT 1X4)=00 PLTE 1X)=001

b( ) 20 % Y
={

has virus
}

PCX )=0.0025

(c)1 % R=XUXC PCTIJFI
-PITI)

=0.99

(d) 0.3%
O

.

1987
220%

(
e

not enough information l

PLYIT )2 PPITS

-
PCTIYIPIY TPITNSTPCNC
-
0.99-0,8045

T

10.01

(O. 9975)
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... I
'

i test positiveIA
yc ven though only1%

of individuals in V
5

get (false) positive
test results

,

it is still

4 times more people
than 99% of individuals

in Y that test positive .

Posterior probabilities
.

are highly sensitive to
What if PCX )=2.5%? PIYIT

)

= 72% prior inputs
.

PCY
)

=25%? PCXIT ) :97%.


