MATH180C: Introduction to
Stochastic Processes Il

Today: Renewal processes

Next: PK 7.2-7.3, Durrett 3.1

Week 4:

“ HW4 due Friday, May 5 on Gradescope



Renewal process. Defintion
Def. Let {XJ,, be tid rus, Xi>o.
Denote Whi= Xj+-=4%Xa  n21 and  We:=0,
We call the cown‘f(nj process
N(Jc)= k {L>o - We é%ﬁ: ok {n ‘-\I\lh'_—&lj

the renewal process .

Remar\és_ l) Wi oce called the Nou\"l:(mv [renewall times
X are caled +the (nterrenewel +{mes

2) N(£) is choracterised (oj the ditribution of Xivo

for 0OLo ¢k ¢w

53 Mo(‘a 32\/\2(‘0.[[\] , We con de‘(:‘(ne.

N((&.‘B]\>= # {\4: o < Wi 5\315



Re newal process . Definition
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Remarks 1) (¥)implies that (N{))i36 is determined

b&j (Wﬂuzo . so Somelimes (\M\c)uo ¢ called cenewoa | prowss

2) For any t,  Wuw £¥ Wy



Convolutions of c.d.fs

SU.PPose that X and Y ore cndependent r.vs
F: R—=lo) is the c.df of X (e P(XRst)=-Fu)).
G: R = (o] is the c.d.f. of V

e f Y s discrete , theu

(€)= P(x+Yet) = ZP(W\/%H )P (V=k)
= 2 P(Xrket) P(Y- k) 2 P(X <t k)P(1=b)
—ZF ’ck)P(“l L) = thx)AG(z)_F*GM

X+\/

« ¥ Vs continuous 'ﬂf\-ew
Fury (£) = P(w\/ct\ ( X+3w) (4) 34
f F(’c-m?\,uj dy _gs: (t9)d6(y) = FxG ()



Distribution of We
Leb Xi, Xeoo be 0d. Fus Xi>o, ond let F:R-ro7
be the c.df. of Xi (we call F the interoccurrenc of
intercenewal distribution ). Then

C R W)= Ry ) =P Wiet) = P(Xiek)=F(¢)

* B(6):= Fa, () = By, (8) = B F (V)

: F‘s(\ F""s H‘) ()ﬁ EXN* K (F*F)*F({') = FF&[P)

« More Semrmllxj‘

v “"(Q\A Cco leh‘on
Fh('f\'.:Fw“ (‘E\:P(Wh&_‘:)= F h({/> = o FWJ

*('\ )]

Remark : ({:\ g m Jc -xYdF@) = KF J( x\ch*n(:.)




Re_haw 0.\ ‘Fu_vr\c‘t (on

De{_ | et (N({'ﬂuo be o renewal process with  (ntermenewa)
distribution F. We coll

M) = E(N()

the cenewol Function.

| XZOJ dsrete
E(X) = ZP(X>\L>

% & “ZQP(X ¢)
Q "Zl"\ +\— Fv_({' = F k
P(‘POSIO . M ( EZ‘ () _ZZPXQ)
Prool M) = E(N[)) = ZP (N2 ) Lt
gP(XeL)Ai
= Z (F(\'\Juét) )
S 2R 2



Reloted gquantites
et N(E) be a cenewalk process.
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Deg'_ \NQ Q&l\

. Yt = WN(HT\ - t -UI\Q e K Cess (QT FQSI'AL\O»K \ L(.{Qtim-l
- St i = 't - V\IN(t\ 'H\e (,ULYTQ_V\{ U{Q (of QCJQ\
- peiT = Ytt §t the total L\.'Fe.
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EXPQd‘ut(ov\ of Wn
Proposf'lT('omz.Let N{#) be o rengwal process with  Intercenewo)

times X, Xa.... and renewol “tiwes (\/\)n\nz\ . Then
E (Wi \ =E(X)) E(NW+O

whece /\4=E(X\), - F<M(t)+‘\ "

Peoot . E(\I\Jumu\ = E(X\+ Ko+~ & XN(&)H)':E(Wz\)i'g()(zfq)éw\,
E(Kat-+ Ko )= E( Ko [N(E)=0) P(NE)=1) |
v B (Xptha [ N2 PINEY-2)
v E( Kyt Kat Xy \\\I(+)=3\)P(M(+)==>>

ntl\

+ é(gz%z [N =n) PN (F)=n ) +-- -

= éE( Xz | N&)=r) P (NH)=n )~ 5 E (K5 IN6)n) P (R ()=0) + -~

h=2



Ex Pec_{‘a’( on of Wn

N(E)+1 2
E(rZZ X )= 2 2 EONINE=n) B (NKY-n)
S:z_ f\=J"l

0o

Z Ko [Nk \ N 2
& ( )z \) ) P (£)z j- )

Since N({—\_j L& Wi gt 6 KXok s X
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