MATH180C: Introduction to
Stochastic Processes Il

Today: Renewal processes

Next: PK 7.2-7.3, Durrett 3.1

Week 4:

“ HW4 due Friday, May 5 on Gradescope



Renewal process. Defintion
Def. Let {XJ,, be tid rus, Xi>o.
Denote Whi= Xj+-=4%Xa  n21 and  We:=0,
We call the cown‘f(nj process
N(Jc)= k {L>o - We é%ﬁ: ok {n ‘-\I\lh'_—&lj

the renewal process .

Remar\és_ l) Wi oce called the Nou\"l:(mv [renewall times
X are caled +the (nterrenewel +{mes

2) N(£) is choracterised (oj the ditribution of Xivo

for 0OLo ¢k ¢w

53 Mo(‘a 32\/\2(‘0.[[\] , We con de‘(:‘(ne.

N((&.‘B]\>= # {\4: o < Wi 5\315



Ran{wa\ process . Definition
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Remarks 1) (¥)implies that (N{))i36 is determined

b\j (Wﬂuzo . so Somelimes (\N\c)uo e called reneuo. | prowss

2) For @““j t, \/\{N(ﬂé{"\’\)me\n



Convolutions of c.d.fs

Su.PPose that K and VY ore cndependent r.vs
F. R— o) is the c.df. of X (ie. P(XR<t)=-Fu)).
G: R (o] is the c.d.f of ¥

e if Y s discrete, thew

Fyey ()= P(XHYer) =

« if Vs continuous | then

Fery (£) = P(Xeyet) =



Distribution of We
Leb Xi, Xeoo be (0d. fUs  Xi>o, ond let F:R-ro73
be the c.df. of Xi (we call F the interoccurrenc of
intercenewal distribution ). Then

C R W)= Ry ) =P Wiet) = P(Xiek)=F(¢)

* B(6)= Fu, () = By, (8) =

ks ({'\ = Fwy (%) =
b More Semrmuj \

Fa@)=Fu, () = P(W,et)=

*(V\ )]

Remarl : (t) = g Fr(t-x)dFe) = § Ft-x)dF™ (=)




Renewal Function

_Dfi. LQJC (N(‘Hh-zo ‘3€ o- Fenewo.\
dickrcbution F. We call

the cenewol Function.

Pf‘o?os(%iov\ L MW=

Proof. M) = E(N{))

process with  (ntermenewa)



Reloted gquantities

et N(E) be a cenewalk process.

\
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the excess (or resfdum(\ L(fetima
the current ((fe (o age)
the +total Life



EXPQC\‘&’((DV\ of Wn
Prolposf‘l‘('owz.[_e‘c N{#) be o rengwal process wWith  Interrenewo

times X, Xa,... and renewal “tiwes (\/\)n\nz\. Then
E(NN(l-)H\:E(X‘) E(NI+O
= #(M(t)ﬂ\

whece /u:E(X\)
Proot . E (Wuwyer ) =
E (Kot -+ Auiy)=



EXPQC.‘\‘&J(\'OV\ of Wn

N(E)+1

E( ¢ X ) =

Since N(H?j-i = Wi st & X+ Ko+ -- +X\',_\ ¢t

=
—

o®

Remark For Froo'? w P ke |I= ;/h\k’m-i‘;



Rewnewal equation

PPO[D-oSiJCfOV\ 3. Let (N(*))-‘:zc be a renewal process w L th
nwercrenepwal disteibution F. Then M@E#)= £(NE®Y)

satisfHes

Proo‘F_ We showed in ProPosi‘tion\ that
M= 2 F

Then MxF =



PofSSOn process as o renewal procCess

The Poisson process N&E) with rote A>o0 js «
renewol process wth F)= I- - A=

r 50journ times S; are i.i.d., Si~Exp)

- S re\>re5en"(1 wnilervals between two wonsecutive
events (arrvals of customersy

- W= .fsc

~ wWe c_;::\ take Xe=Siq in the definition of
the renewal process

Ky

%<
N
-9
—==b-9

X\ —

el----=°=
= ]'?\(



Poisson process as o renewol pracess

We know that NE#)~ Pois (/\Jt)', s in pacticlor
E(N®))= Xt

Example Compule ) = ZF*“({-\ for PP

P ()=

Denote Y (t)= Q:P e-/“— :
He* F('(') =

F*F k)=
Fkb(_l_\ |

F*"I () _



PO!ISSOY\ prcocCes> as o FQ_U\Z.NOL.( PrQQQ_sS (c_or\‘l:_\
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