MATH180C: Introduction to
Stochastic Processes Il

Today: Introduction. Birth processes

Next: PK 6.2-6.3

Week 1:

o visit course web site
* join Piazza



Stochastic (random) processes

Def. Let (Q.F,P) be o probability spoce.
Stochastic process is @ collection (g : ‘teT)
of random variables Xt-‘Q - ScR (ol defined on bhe
Some Frobmb(h"ﬁy sPace)
- often t represents time but can be I-D spoce
T s called the ¢ndex set S s called the state space
W:QxT>S (Xe(w)eS)
Lor ouny fixed w, we Se_’c o Cealization of all

. a.m O:tk
roandom variobles (X., (w): te T> — ircjfc‘io%

¢ stochastic process  X.(w): T2S — condom function



Stochastic processes . Classiticalion

(Dueslions :

e What s T « What is S

« Relations between Xi, and Xy, Hor t,#t2 )
. Pro‘)er\‘ies of  The -’rm\')edorj

Discrete fime Continuous Fime
T=N, 7 {iote set T= R, lo,+=) [o.1)
L condom vector
Real-yalued Integer-valued Nonnegotive ..
S=R S= 7 g c [0,400)

Ccm‘\.‘r\uou\sl righ’\ -~continuous (caé\o\S) scum?\e Po:H)



Exo.mp\&g of stochoastic processes

. Colussian processes : Lor &r\j Te T X has horma) disteld .

. S’ko:Hohurj ?rocessras: distribufion doesnd chom\c)e in Time

e Processes with s'h'\'bno\r\xj and ihde()eh&m\“ incre ments (LQ\I?\
. Poisson process \ncrements ore ‘mdePQnQ&en* and Ruisson ()

« Mockov processes - "distribution 0 the future clef)enq\s on[J
on ‘ﬁw C_uq‘r?_ﬂ'k S"oik‘e\ bv\"( does _F_\Qi c:IeFQhA on —h\e PQS"'M




Exa,mp\,es of Stochostic processes

« Martingales : E(Xom Xy, X R] =Xy (faic qame”)

Prownian motion (Nierer P(‘oCeSS> is o contibuous-time 5"}.Froc..
Gaussian m&(‘“\'\hgo\\e . has S‘h'h‘onarb and
‘mc\ependen'} wnetements | Markoy  Var (Wel=t
Cov W, Ws J= min{sty s sam?\a Po\'ﬂ\ 1S

e—\‘Q‘"BN\“Q\"Q confinuous and nNowhere A fferentiable

diffusion plocesses (5*0Lkus-\-\‘c AWM "\)&w
&iq\emh“'iq\ Q_:‘U\OCHOV\S)




Continuous time MC



Continuous Time Markoy Chens
Def (Discrete-time Markoy clm.(n)
Let (Xa)mo be o discrete time stochastic process ‘L&\L\'V\j

values n Z, ={0,1,2,.. (for convernience ) (Xh)nZQ is called
Mo_r\Lo\I choun |\‘(" -(:0(' O-V\\j h&N and ‘:=|‘:l.---| “h-\. '-.-J‘ € z+
P(X\'\H:\j [ Xa=te ) Xi= (1, -~ Xinot = oo , Ku=t ) = P(anl=j | Xn=t )

Detf (Cor\‘t\.nuous -time Markov c\r\ogin\
Let (Xt }tzo = (Xyro0¢t ‘°°\ be o« continuous time process
‘tm\LihS values tn Z, | ()(Quo is called Markev chain 1§

_(for Qmj v\¢N' Ottocti g ¢tni¢s k50, Lo (.. ,i.\-.‘c\je 2.

P(thsz\'\ lXt°:;°'X*':Lt n-~~.><th-\=ch-) ,%s:L\

/ . -
(V\cu“z-w ‘a—(‘opu"j T P<Xt+5=J \XS:L \



Po(ss oh process

ES_E. JA\ PO\'Ssoﬂ FroCess 0‘( (r\‘\'ehS-l‘}J (Nde.) A>0 s

on \hjreser— valued stochastic process (Xt)tzo for which
N for each +ime Fo‘m*s Tozo <t ¢ ¢tn | The process
‘mcremen){s Xt.- Xte. Xt.‘ = Xt, R Xth‘ Atn-y

ofe ‘\nQ\eFenc\en+ toondom  variables

23 ‘For S2o and 't>0| fhe romdom \lari&b\e_ Xsﬂ-)(s lms

the Risson disteibution Pl Xeas-Xg = k] = (’\ﬂ k=0.\\--.
3) K=

Xe 3 —

L &

| o—0

L - t . .- .t




Example'- PQ(SSOr\ Process as MC

\5 POk‘sSOV\ PPOCQSS Q. C.Oh't(nqous —tzLM-?. Mcq
Polsson Frocess:

\J continwous Lime

\ discrele state
(%)
Let (Xt\)tla be « Potsson (pt‘ocass, let (e, e--- ¢ iy’ “é\j
P( XS"'t =j I X‘to=t"° ] th = (." LR Xtv\-\ = L-”"'\ 1 XS = > xtﬂ'X,S:J -L‘)
?( X‘(‘..t C'gl th- X{-_. =t\-in,X£L-Xe‘:l‘,z-t‘ —t XS‘X{;“_\—"(\'("\-)|
P(Keemio, oo XgoKe, =t Cae )
P(Xus* Ks > J-E)

RICUE WSS R OISR TS

N
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