MATH180C: Introduction to
Stochastic Processes Il

Today: Martingales

Next: PK 2.5, Durrett 5.1-5.2

Week 8:
HW6 due Monday, May 22 on Gradescope

Midterm 2 on Wednesday, May 24



Martingales
J

Definition | A stochastic process (Xn.n20) IS o

hr\ar{-ivqule it for n=0,\,.-.
(o)
(b)

After quk{mj the e)cPec'tuHoh of both sides of (b))
we 3{* that
(X"‘\v\zo 1S o m:xr{‘\njala =7

- submar’cihsa\e :

. Su,?ermcu”&'\ V\the_:



ExoumPks of moartingales

(1) Let X Koo be independent RV's with E(IXul) <o
and  E (Xe)=o. Define S =X+--+Xn , S.= O.

Then

=

() Let Xi, Xp,... be independent RN with Xuz2o, E (1Xe[)eo
ond E(Xu)=1. Dedine Mn= X X2 Xn, Me= 1.
Th-e\r\



EXQmP(e

Stock prices in o perfect market

Let Xn be the closing price ot {he end of day n
of o certaun Pub\ic(j traded secuwﬁzj such as a dhare of
ytock . Mou\kj scholars  belleve that (n o perfect
macrket these Pr(ce sequences should be martingales.

(See PK poge F3 for more dz‘\'a.\‘l.sy



H\'S‘Eor\J ond qgambling

Let (Xh>h2o be o stochastic process étscr(b\'ni your
total w\'nm'V\js (n N gomes with unit stake.

Think of  Xn- Xn as Your net w(nn(v\js per antt
Stale (n game N, N2l n o series of goames , ployed
at times n=1,2,....

ln the W\Qr)cimju|a case

Some eoJ'Lj works of mar%(nques woae motivated b
SO\W\bl;V\j, Neote that fhere exists o beﬁ:(vxj st'rmtejj
C,Q._U.e_é ‘U,\e_ ‘N\Q(‘HV\jq(e S'JSTemhé* dowbl,tﬂﬁ bets after losses



Some basic propecties
) 1

Let (Xh\m_o be a mar{(naode.

[

P(‘ Do“:

Exercise :

Markov ‘\V\e_clua,(\'*\-?«: H: ano \/ n\"UAQh —-Fnr &hj >\>o




oximal (nequalit ¢ onegative mactinqales
1 D) S )

Thm Let (Xn)nzo be o rv\ar%ihque with nonnegative values.
Fo(‘ &W\j A>0  and MQN

(V)
and (z)

Proof. We prove , @) Lollows bj 'tq\L(nj Hhe Limit maw,
TOJLQ ‘a\e VQC_‘EOT (Xo\ X.,-- ,Xw\) and Fo.r‘l:'\":iOV\ _UI\-Q

Smm‘ble space wrt the (ndex of the Ffirsl v, risiv\j above \

COW\PU&Q u\slmj the above chr't(-k\‘om



PVOO{’ O‘F the maximo\[ \'ne_quq_[\‘th
E(Xm)=

2

e
Comvu'te E(Xm'].\x,u\.---.xh-\c)\.xv\?A\ bj Qon&\“tL‘ohCV\j °n
X°| X'l"'l X“"\X"':

E (X"\ Il\XQLA.--'lKn-\LA,XV\? AX

Sum For all n
E()(m\?_



EXO.MP\Q,

A 3o.m\3\er beg(ns with o wnt amount of money and

foces o serles of Cndz\aenc\e_n‘c four gemes. In each gome
the Samb(&rs bets +raction p of his current fortune
wins with Probo.bll:{j L loses with Pcabab:s\ﬁ 3
Estimoate the Probub;\\“tj that the jaw\b\er ever douwbles
the tnidial fortune.

Denote bxj Zn n2o  the 3amb(eﬁs fortune oddkece n-th Jome.
Dencte

Then



Martingale tronsform

ln the ‘)(‘Q,V\'Ous exmmPle the stole (n n-th Jome \S
P Ln- . What if we choose ancther st‘(‘o.tefjjq,
I_)}_‘\:: Let (X\,\)m_o be o hovmzjo-{:\'vz mqrt\'nque - and
(et (Cn%?,o be oo stochastic process with
Ch = £ (Xe\---|Xr\-\\>, Then the stochostic process

5 c_aueé ‘H‘\e_
Think of « Xe-Xea as the Nihvx{V\j per untt stake n K*i‘hj&mg

* Cr s \jgur stoke (n w-th T.W\e

decision is made based on the Pcev\'oug ‘m‘s{'orj

« (CK), a5 total wihV\\'v\js wup to time n



M OLFJC\'V\qoL\Q transform

PPOE et Z.=Xo+ (CJX)n . Let Cuso bounded (£ 2,450
O,V'\Cl CQ =0 I\-(‘ 2\{_-\= 0. —Thah (Zh>h?_o \‘5 (« ma(‘l:\-njale
PFOO{_l E(Z‘_n-u-\ \ 2‘°|--';2—'\\=

=

NO’LQ 'Hr\o&
£ Zn>o , thew Cpo ... Chn>0 |
and

E(Znﬂ ‘ igi___,?,ﬂ\=

—
—

W Zoz=0o tuu Can=0 and E(%hl\\?_o....\?th\=o=-%n



Convergence of nonnegative ma Ctinsales

T 3 3 J
1§ (K)o 1S o hoV\hQBO\'HVQ (suPar)mqrf(njq(e | than
with Frobo\b}[;{‘j l

and

Exoump\e.

An urn (n(’c{od\j contains one red ball and one Greew
ball. Choote oo ball and return ( to the wrn

‘to%e‘U/\Lr wth another ball of the same color. Repeqfc-
Denste 53 Xy the fraction of ced ball afte n itecations.



Exom ple (cont.)

() (Xh\hzo is G mo.r'thale_
Denote EU R the number of ced balls afer n-th (teration
Rn=

Then
E ( Kne \ XD|---|XV\)=

((‘l‘\ Xh IS V\OV\V\QSQ{(\{Q =

(L) COW\FU\’(Q the distelbution of Xe
P( Xn = = ):-;;—:_—\ Lo wefuz, - nn]

Ny

P( KXo sx)=x  ze(on) =5 Re ~Uni 4 (o)



