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Martingales
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EXO.MP\Q,

A 3o.m\3\er beg(ns with o wnt amount of money and

foces o serles of Cndz\aenc\e_n‘c four gemes. In each gome
the Samb(&rs bets +raction p of his current fortune
wins with Probo.bll:{j L loses with Pcabab:s\ﬁ 3
Estimoate the Probub;\\“tj that the jaw\b\er ever douwbles
the tnidial fortune.

Denote bxj Zn n2o  the 3amb(eﬁs fortune oddkece n-th Jome.
Dencte

Then



Martingale tronsform

ln the ‘)(‘Q,V\'Ous exmmPle the stole (n n-th Jome \S
P Ln- . What if we choose ancther st‘(‘o.tefjjq,
I_)}_‘\:: Let (X\,\)m_o be o hovmzjo-{:\'vz mqrt\'nque - and
(et (Cn%?,o be oo stochastic process with
Ch = £ (Xe\---|Xr\-\\>, Then the stochostic process

5 c_aueé ‘H‘\e_
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decision is made based on the Pcev\'oug ‘m‘s{'orj

« (CK), a5 total wihV\\'v\js wup to time n



M OLFJC\'V\qoL\Q transform

PPOE et Z.=Xo+ (CJX)n . Let Cuso bounded (£ 2,450
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Convergence of nonnegative ma Ctinsales
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1§ (K)o 1S o hoV\hQBO\'HVQ (suPar)mqrf(njq(e | than
with Frobo\b}[;{‘j l
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Exoump\e.

An urn (n(’c{od\j contains one red ball and one Greew
ball. Choote oo ball and return ( to the wrn

‘to%e‘U/\Lr wth another ball of the same color. Repeqfc-
Denste 53 Xy the fraction of ced ball afte n itecations.



Exom ple (cont.))

() (Xh\hzo is G mo.r'E]njcz[e_
Denote \33 R the rumber of red balls ofer n-th reration
Rn=

Then
E ( X‘M" \ XD| "'|XV\)=

((f\ Xh IS hovw\egq{(\re =

(L) ComFu‘tQ the distelbution of Xe



B\"Qvoh\.OLV\ W\O't ;Oh. H(s‘toru‘

e Critical observation

: Robert BPrown (1827-), bo‘to_hl's‘t,

movement of Fo(leh ar‘o.(ns n water
+ Firsd (1) mathematical omolxjs\‘s of Brownian motion :

Lowis  Bochelier (j200) hr\ode(iv\j stock  mar leet
L (uctuations

« Brownian Motion |n Phjs\'cs : Albert Elnstein (1905) ond
Maricn Smoluchowsk, (1902), exP(q(nqel the
P\nu\ow\avxov\ observed bj Brown

- Fuest rijorous constraction of mdathematical Browsnaan
motion: Nerbect Wiener (1‘32‘5)

Brownian maetion = Wienec prowss

n mothematics



Brownian motion. Motivation

o almost all ih+erest(nj closses of stochastic plocasses
contain Brownian motion @ BM (¢ a
~ mur{(mﬁa(e
- Markov process
- Gaumssion Process
- Lé\u) procass ((nAQFemlen-( s+q+\‘omrj in«eme:ak)
o BM allows explhiat caleulations , which ore (mpossible for
More 3rzm,mk objzc’rs
e BM can be used as o bui ld(nj block. {oc Slher processes
e BM  has Moy beoutifel mathemoatical Ff‘oearh‘a)



Brownian motion - Definition

Def . Brownian motion with diffusion coefficlent €% s
o continmeus time  stochastic process (Bt)tzo
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